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Abstract We prove a quenched weak large deviations principle for the Gibbs measures of a Random 
Field Kac Model (RFKM) in one dimension. The external random magnetic field is given by symmetrically 
distributed Bernoulli random variables. The results are valid for values of the temperature, /3 _1 , and 
magnitude, 8, of the field in the region where the free energy of the corresponding random Curie Weiss 
model has only two absolute minima mp and Tmp. We give an explicit representation of the rate functional 
which is a positive random functional determined by two distinct contributions. One is related to the free 
energy cost T* to undergo a phase change (the surface tension). The T* is the cost of one single phase 
change and depends on the temperature and magnitude of the field. The other is a bulk contribution due to 
the presence of the random magnetic field. We characterize the minimizers of this random functional. We 
show that they are step functions taking values mp and Tmp. The points of discontinuity are described by a 
stationary renewal process related to the h— cxtrcma for a bilateral Brownian motion studied by Neveu and 
Pitman, where h in our context is a suitable constant depending on the temperature and on magnitude of 
the random field. As an outcome we have a complete characterization of the typical profiles of RFKM (the 
ground states) which was initiated in [14] and extended in [16]. 

> 

oo 

00 ■ 1 Introduction 

We consider a one-dimensional spin system interacting via a ferromagnetic two-body Kac potential and 
[ external random magnetic field given by symmetrically distributed Bernoulli random variables. Problems 

where a stochastic contribution is added to the energy of the system arise naturally in condensed matter 
physics where the presence of the impurities causes the microscopic structure to vary from point to point. 
Some of the vast literature on these topics may be found consulting [1-4], [6], [8], [12], [21- 24], [28], [36]. 

Kac's potentials is a short way to denote two-body ferromagnetic interactions with range ~, where 7 is a 
dimcnsionless parameter such that when 7 J, 0, i.e. very long range, the strength of the interaction becomes 
very weak keeping the total interaction between one spin and all the others finite. They were introduced 
in [25] , and then generalized in [29] and [33] to present a rigorous validity of the van der Waals theory of 
a liquid-vapor phase transition. Performing first the thermodynamic limit of the spin system interacting 
via Kac's potential, and then the limit of infinite range, 7 J. 0, Lebowitz and Penrose rigorously derived 
the Maxwell rule, i.e the canonical free energy of the system is the convex envelope of the corresponding 
canonical free energy for the Curie- Weiss model. The consequence is that, in any dimension, for values of the 
temperature at which the free energy corresponding to the Curie- Weiss model is not convex, the canonical 
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free energy of the Kac's model is not diffcrcntiable in the limit 7 J. 0. These results show that long range 
models give satisfactory answer for canonical free energies. At the level of Gibbs measures the analysis is 
more delicate since the behavior of Gibbs measures depends strongly on the dimension. 

There are several papers trying to understand qualitatively and quantitatively how a refined analysis of 
the Gibbs measures of the Kac models allows to see some features of systems with long, but finite range 
interaction, see for instance [18], [30], [11]. 

For 7 fixed and different from zero, if d = 1, there exists an unique Gibbs state for the Kac model while 
for the Curie-Weiss model the measure induced by the empirical magnetization weakly converges, when 
the number of sites goes to infinity, to a convex contribution of two different Dirac measures. In the one 
dimensional case, the analysis [17] for Ising spin and [9] for more general spin, gives a satisfactory description 
of the typical profiles. In these papers a large deviations principle for Gibbs measures was established. The 
ground state of the system in suitable chosen mesoscopic scales, is concentrated sharply near the two values 
of the minimizers of the corresponding Curie- Weiss canonical free energy. The typical magnetization profiles 
are constant near one of the two values over lengths of the order e t where F was explicitly computed and 
represents the cost in term of canonical free energy to go from one phase to the other, i.e the surface tension. 
Moreover, suitably marking the locations of the phase changes of the typical profiles and scaling the space 
by e t , one gets as limiting Gibbs distribution of the marks, the one of a Poisson Point Process. The 
thermal fluctuations are responsible for the stochastic behavior on this scale. 

The same type of questions could be asked for the RFKM which is one of the simplest disordered spin 
system. This motivated the [14], [16] as well as the present paper. The answers we found, as explained below, 
are dramatically different from the ones obtained without the presence of the random field. The analysis 
done holds in dimension d = 1 and for values of the temperature and magnitude of the field in the whole 
region of two absolute minima for the canonical free energy of the corresponding Random Field Curie Weiss 
model. This region is denoted £, see (2.19) for the precise definition. In the first paper [14] we gave the 
results for (/3, 9) in a subset off, under some smallness condition, whereas in [16] as well as in this paper we 
give the result for (/?, 9) in £ without further constraints. We will comment later about this, but one should 
bear in mind that the results proven in [14] hold for almost all realizations of the random magnetic fields, 
the ones proven in [16] hold for a set of realizations of the random magnetic fields of probability that goes 
to one when 7 J. 0, while the ones in the present paper hold merely in law. 

Let us recall the previous results: Here, as well in the previous papers, the first step is a coarse graining 
procedure. Through a block-spin transformation, the microscopic system is mapped into a system on T = 
L°°(IR, [—1, 1]) x L°°(IR, [—1, 1]), see (2.14), for which the length of interaction becomes of order one (the 
macroscopic system). The macroscopic state of the system is determined by an order parameter which 
specifies the phase of the system. It has been proven in [14] that for almost all realizations of the random 
magnetic fields, for intervals whose length in macroscopic scale is of order (7loglog(l/7)) _1 the typical block 
spin profile is either rigid, taking one of the two values (m/3 or Trap) corresponding to the minima of the 
canonical free energy of the random field Curie Weiss model, or makes at most one transition from one of 
the minima to the other. In the following, we will denote these two minima the + or — phases. It was also 
proven in [14], that if the system is considered on an interval of length -(log -) p , p > 2, the typical profiles 
are not rigid over any interval of length larger or equal to Li(-f) = -(log i) (log log ^) 2+p , for any p > 0. 

In [16] the following was proved: On a set of realizations of the random field of overwhelming probability 
(when 7 — ► 0) it is possible to construct random intervals of length of order - (macro scale) and to associate 
a random sign in such a way that, typically with respect to the Gibbs measure, the magnetization profile 
is rigid on these intervals and, according to the sign, it belongs to the + or — phase. Hereafter, "random" 
means that it depends on the realizations of the random fields (and on (3,8). A description of the transition 
from one phase to the other was also discussed in [16]. We recall these results in Section 2. The main 
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problem in the proof of the previous results is the "non locality" of the system, due to the presence of the 
random field. There is an interplay between the ferromagnetic two-body interaction which attracts spins 
alike and the presence of the random field which would like to have the spins aligned according to its sign. 
It is relatively easy to see that the fluctuations of the random field over intervals in macro scale - play an 
important role. To determine the beginning and the end of the random interval where the profiles are rigid 
and the sign attributed to it, it is essential to verify other local requirements for the random field. We need 
a detailed analysis of suitable functions of the random fields in all subintervals of the interval of order K 
In fact, it could happen that even though at large the random fields undergoe to a positive (for example) 
fluctuation, locally there are negative fluctuations which make not convenient (in terms of the cost of the 
total free energy) for the system to have a magnetization profile close to the + phase in that interval. 

Another problem in the previous analysis is due to the fact that the measure induced by the block-spin 
transformation contains multibody interaction of arbitrary order. Estimated roughly as in [14], this would 
give a contribution proportional to the length of the interval in which the transformation is done, there 
the length of intervals was (7loglog(l/7)) _1 and the (loglog(l/7)) _1 help us to get a small contribution. 
Here we are interested in intervals of length - . Luckily enough, exploiting the randomness of the one body 
interaction, it is enough to estimate the Lipschitz norm of the multibody potential. Using cluster expansion 
tools, this can be estimated through the representation of the multibody interaction as an absolute convergent 
series. 

In this paper we first extend the results of [16] by defining a random profile w* which belongs to 
BV{[— Q(j), Q("f)], {mp, Tmp}), the set of function from [—(5(7), Q(^)] to {mp, Trap] having bounded vari- 
ation. Here Q(7) | 00 when 7 j in a convenient way. On a probability subspace of the random magnetic 
field configurations of overwhelming probability, wc identify a suitable neighborhood of u* that has a over- 
whelming Gibbs measure. 

Then we prove that when 7 J, the limiting distribution of the interdistance between the jump points of 
w* with respect to the distribution of the random magnetic fields is the Neveu-Pitman [32] stationary renewal 
process of /i-extrema of a bilateral Brownian motion. The value of h depends on (3 and 0. Surprisingly the 
residual life distribution of the renewal process that we obtained is the same (setting h = 1) of the one 
determined independently by Kesten [26] and Golosov [22] representing the limit distribution of the point of 
localization of Sinai's random walk in random environment, see Remark 2.7, in Section 2. 

This allows us to define the limiting (in Law) typical profile u* that belongs to BV\ oc (IR, {mp, Trap}), 
the set of functions from IR to {mp,Tmp} that have bounded variations on each finite interval of IR. The 
total variation of u* on IR is infinite. 

Note that here, the Gibbs measure is strongly concentrated on a random profile that we relate to a renewal 
process, the randomness being the one of the random magnetic fields. The phase change of this random 
profile occurs on such a small scale that we cannot see the thermal fluctuations that were responsible in the 
case without magnetic field of the previously described Poisson Point Process. At the same scale where we 
find the renewal process, the system without magnetic fields is completely rigid, constantly equal to nip or 
Trap. Having exhibited the typical profile u* and its limit in Law u* the next natural question concerns the 
large deviations with respect to this typical profile. Formally we would like to determine a positive functional 
T(u) for u £ A, where A C T, so that 

/^H]~exp{-£ inf T(u)}. (1.1) 

' 7 ueA 

When A = A(u) C T is a convenient, see (2.33), neighborhood of u e BV\ oc (IR, {Tmp,mp}) and u is a 
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suitable local perturbation of the typical profile u*, (1.1) should be understood as 

= T(u). (1.2) 

One has to give a probabilistic sense to the above convergence. It appears that contrarily to the large 
deviation functional associated to the global empirical magnetization (the canonical free energy of the RFKM, 
see (2.18)) which is not random, T(u) is random and the above convergence holds in Law. In fact T(u) can 
be expressed in term of u, the limiting u* and the bilateral Brownian motion. It represents, in the chosen 
limit, the random cost for the system to deviate from the equilibrium value u* . The interplay between the 
surface free energy T* (the cost of one single phase change) and the random bulk contribution appears in 
a rather clear way. Note that in (1.2) the functional is evaluated at u even if the considered neighborhood 
of u does not shrink when 7 J. to u. This fact allows us to avoid to face difficult measurability problems 
when performing infimum over family of sets. The random functional V in (1.2) could be seen as the " De 
Giorgi Gamma-limit in Law" for a sequence of intermediate random functionals obtained through a coarse 
graining procedure over T. Since a precise definition of such a convergence is beyond the scope of the paper, 
see however [19], and presents more complications than simplifications we will not pursue it here. 

The plan of the paper is the following. In Section 2 we give the description of the model and present the 
main results. In Section 3 we recall the coarse graining procedure. In section 4 we prove the main estimates 
to derive upper and lower bound to deduce the large deviation estimates. In Section 5 we prove the above 
mentioned convergence in Law of the localization of the jumps of u* to the stationary renewal process of 
Neveu-Pitman. In section 6 we give the proof of the main results. 



Acknowledgements We are indebted to Errico Presutti who gave us years ago the expression of the random 
functional, see (2.46). We thank Jean-Francois Le Gall for mentioning to us the article by Neveu and Pitman, 
Jean Bertoin, Zhang Shi and Isaac Meilijson for illuminating discussions. 

2 Model, notations and main results 
2.1. The model 

Let (O, A, IP) be a probability space on which we define h = {hi}i e %, a family of independent, identically 
distributed Bernoulli random variables with IP[hi = +1] = IP[hi = —1] = 1/2. They represent random signs 
of external magnetic fields acting on a spin system on 2Z, and whose magnitude is denoted by 9 > 0. The 
configuration space is S = { — 1, +1} X . If a e S and i € 2Z, <Ji represents the value of the spin at site i. The 
pair interaction among spins is given by a Kac potential of the form J 7 (« — j) = jJ(j(i — j)), 7 > 0. We 
require that for r € IR: (i) J(r) > (ferromagnetism); (ii) J(r) = J(—r) (symmetry); (iii) J(r) < ce~ c l r l 
for c,d positive constants (exponential decay); (iv) J J(r)dr = 1 (normalization). For sake of simplicity we 
fix J(r) = lr| r i< 1 /2](r), where we denote by ILa(-) the indicator function of the set A. 

For A C 7Z we set S\ = { — 1,+1} A ; its elements are denoted by a a; also, if a e 5, cta denotes its 
restriction to A. Given A C 7Z finite and a realization of the magnetic fields, the Hamiltonian in the volume 
A, with free boundary conditions, is the random variable on (fi, A, IP) given by 

H^(a A )[u] = ~ ^2 J 7 (i - j)<?i<Jj - O^h^cri. (2.1) 

(ij')GAxA i£A 



lim 

7|0 







log tf[A(u)] 
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In the following we drop the u> from the notation. 

The corresponding Gibbs measure on the finite volume A, at inverse temperature (3 > and free boundary 
condition is then a random variable with values on the space of probability measures on 5a. We denote it 
by M/5,0, 7 ,a and it is defined by 

A*/3,0,7,a(o-a) = — ^ exp{-f3H 7 (a A )} er A e 5 A , (2.2) 

where Zp t $ ni \ is the normalization factor called partition function. To take into account the interaction 
between the spins in A and those outside A we set 

W 7 ((7A,crAc) = X] J ^ ~i) a i a r ( 2 - 3 ) 

ieA jeA c 

If a e «S, the Gibbs measure on the finite volume A and boundary condition ctac is the random probability 
measure on 5a, denoted by 7 ,a an d defined by 

^, 7 ,aK) = T^T- exp{-/3(^ 7 (a A ) + ^> A ,a A c))} , (2.4) 

Z /3,0, 7 ,A 

where again the partition function Z^ A g A is the normalization factor. 

Given a realization of /i and 7 > 0, there is a unique weak-limit of Hf3fi,~t,A along a family of volumes 
Al = [— L,L] n ZZ, L <G 2ZV; such limit is called the infinite volume Gibbs measure M/3,0,7. The limit does 
not depend on the boundary conditions, which may be taken /i-dependent, but it is a random element, i.e., 
different realizations of h give a priori different infinite volume Gibbs measures. 

2.2. Scales 

When dealing with local long range interaction, as we did in [17], [14] and [16], the analysis of the 
configurations that are typical for M/3,0,7 m the limit 7 J. 0, involves a block spin transformation which 
transforms the microscopic system on ZZ in a system on IR. Such changes of scales are standard in Kac 
type problems. Here, notations are particularly troublesome because we have three main different scales and 
according to the case it is better to work with one or the other. There will be also intermediate scales that 
we will discuss later. For historical reasons the three main scales are called: microscopic, macroscopic and 
Brownian scale. More properly they should be denoted microscopic, mesoscopic and macroscopic. Since in 
the previous papers, [14] and [16], the intermediate scale was called macroscopic, we continue to call it in 
such a way to avoid confusion. Then we will call mesoscopic scales all the intermediate scales between the 
microscopic and macroscopic scales. These mesoscopic scales are not intrinsic to the system but superimposed 
to study it. 

• The microscopic and macroscopic scales. 

The basic space is the "microscopic space", i.e. the lattice ZZ whose elements are denoted by i, j and so 
on. The microscopic scale corresponds to the length measured according to the lattice distance. The spin 
o"j are indexed by ZZ and the range of interaction in this scale is of order - . 

The macroscopic regions correspond to intervals of IR that are of order - in the microscopic scale ; i.e. 
if I C IR, is an interval in the macroscopic scale then it will correspond to the interval — in the microscopic 
scale. Since the range of the interaction is of order 7 _1 in the microscopic scale, in the macroscopic scale it 
becomes of order 1. 
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• The Brownian scale 

The Brownian scale is linked to the random magnetic fields. The Brownian regions correspond to intervals 
of m that are of order in the microscopic scale; i.e. if [— Q, Q] C IR, Q > is an interval in Brownian scale 

then it will correspond to [— ^] in the microscopic scale. In the Brownian scale the range of interaction 
is of order 7. 

• The partition of M. 

Given a rational positive number 8, T>s denotes the partition of IR into intervals Ag(u) = [u8, (u + l)8) for 
u E ZZ. If 8 = nS' for some n E IN, then T>s is coarser than T>s> ■ A function /(•) on IR is ^-measurable if it 
is constant on each interval of T>$. A region A is 25,5-measurablc if its indicator function is T>$ -measurable. 
For r E IR, we denote by Ds(r) the interval of T>s that contains r. Note that for any r E [uS, (u + 1)5), we 
have that Dg(r) — As(u). To avoid rounding problems in the following, we will consider intervals that are 
always X^-measurable. If / C IR denotes a macroscopic interval we set 

Cs(I) = {ueZ;As(u)CI}. (2.5) 

• The mesoscopic scales 

The smallest mesoscopic scale involves a parameter < 8* (7) < 1 satisfying certain conditions of smallness 
that will be fixed later. However we assume that <5*7 -1 | 00 when 7 J. 0. The elements of T>s* will be 
denoted by A(x) = [x8* , (x + 1)8*), with x E ZZ. The partition T>&» induce a partition of ZZ into blocks 
A(x) = {i E ZZ: ij E A(x)} = {a(x), . . . , a(x + 1) — 1} with length of order 8*^f~ l in the microscopic scale. 

For notational simplicity, if no confusion arises, we omit to write the explicit dependence on 7, c>*. To 
avoid rounding problems, we assume that 7 = 2~" for some integer n, with 8* such that i5*7 _1 is an integer, 
so that a(x) = xS*^ 1 , with x E ZZ. When considering another mesoscopic scale, say 8 > 8*, we always 
assume that S^ 1 E IN and 8 = kS* for some integer k > 2. 

2.3 Basic Notations. 

• block-spin magnetization 

Given a realization of h and for each configuration a\, we could have defined for each block A(x) a pair of 
numbers where the first is the average magnetization over the sites with positive h and the second to those 
with negative h. However it appears, [14], to be more convenient to use another random partition of A(x) 
into two sets of the same cardinality. This allows to separate on each block the expected contribution of the 
random field from its local fluctuations. More precisely we have the following. 

Given a realization h[u>] = (hi{u>])i & %, we set A + (x) = {i E A(x); hi[u] = +l} and A~(x) = {i E 
A(x);hi[w] = -l}. Let X(x) = sgn(\A+(x)\ - (2j)- 1 8*), where sgn is the sign function, with the convention 
that sgn(O) = 0. For convenience we assume <5*7 _1 to be even, in which case: 

IPl\(x) = 0] = 2-^- 1 ^ 1 1 /2 y (2.6) 

We note that A(x) is a symmetric random variable. When X(x) = ±1 we set 

l 

l(x) = ml{l > a(x) : ^ H {A ^ Hx)} (j) > S*^ 1 /2} (2.7) 

j=a{x) 
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and consider the following decomposition of A(x): B x ( x \x) = {i e A x ^{x):i < l(x)} and B x ^(x) = 
A{x) \ B x{ - X \x). When X(x) = we set B+(x) = A+(x) and B~(x) = A~(x). We set D(x) = A x{x \x) \ 
B x ^(x). In this way, the set B (x) depends on the realizations of the random field, but the cardinality 
|-B ± (x)| = <5*7 _1 /2 is the same for all realizations. Set 

m S \±,x,a) = ^ ]T Ui. (2.8) 

i£B±(x) 

We call block spin magnetization of the block A(x) the vector 

m s * ( x , a ) = (m 5 ' (+, x, a), m 5 * (-,x, a)). (2.9) 
The total empirical magnetization of the block A{x) is, of course, given by 

^ E ^ = l(m 5 ' (+,x,a) +m s ' (-,x,a)) (2.10) 

ieA(x) 

and the contribution of the magnetic field to the Hamiltonian (2.1) is 

^ E h i a i = ^(m 5 '(+,x,a)-m 6 '(-,x,a)) + X(x)^ ]T ( 2 - U ) 

ieA(x) " ieD(x) 



• spaces of the magnetization profiles 

Given a volume A C ZZ in the original microscopic spin system, it corresponds to the macroscopic volume 
I = jA = {ji:i G A}, assumed to be T>s» -measurable. The block spin transformation, as considered in [14] 
and [16], is the random map which associates to the spin configuration a\ the vector (m s (x, cr)) xe c s , (j), 
see (2.9), with values in the set 

M,.{i)= n {- i '- i+ ^'- i+ ^-> i -^' i } a - ( 2 - 12 ) 

xec 5 »(/) k ) 

We use the same notation /i^j^.^ , a to denote both, the Gibbs measure on <Sa, and the probability measure 
induced on A4s*(I), through the block spin transformation, i.e., a coarse grained version of the original 
measure. Analogously, the infinite volume limit (as A f 2Z) of the laws of the block spin (m s (x)) xe c s »(i) 
under the Gibbs measure will also be denoted by jU/3,0,7- 

We denote a generic element in Ms* (I) by 

mf = {m 5 " \x)) xeCs *(i) = (mf (x),m s 2 * (x)) x€Cs .(iy (2-13) 

Since / is assumed to be T>g* -measurable, we can identify m\ with the element of 

T = {m= (mi,m 2 ) G L°°{IR) x L°°{IR); V \\m 2 \\oo < 1} (2.14) 

piecewise constant, equal to m s (x) on each A(x) = [x5* , (x + 1)5*) for x € Cs* (I), and vanishing outside /. 
Elements of T will be called magnetization profiles. Recalling that / = 7A, the block spin transformation 
can be identified with a map from the space of spin configurations {—1, +1} A (with A a microscopic volume) 
into the subset of V5* -measurable functions of L°° (/) x L°° (I) (with / = 7A a macroscopic volume) . 
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For S > 5*, recalling that Vr G [ud, (u + 1)5), we have D$(r) = A$(u), we define for m = (mi,m 2 ) G T 
and i = 1, 2 



(r) = \ I mi(s)ds. (2.15) 

6 Jflf(r) 



This defines a map from T into the subset of T>s -measurable functions of T. We define also a map from T 
into itself by 

(Tm)(x) = (-m 2 (x),-m 1 (x)) Mx e IR. (2.16) 
In the following we denote the total magnetization at the site x G IR 

m{x) = miW + m2(x) . (2.17) 

• The Random Field Curie-Weiss model 

The Lebowitz -Penrose theory, [29], is easy to prove for the Random Field Kac Model see [14], Theorem 
2.2. Namely, performing first the thermodynamic limit of the spin system interacting via Kac's potential 
and then the limit of infinite range, 7 — > 0, the canonical free energy of the Random Field Kac model is the 
convex envelope of the corresponding canonical free energy for the Random Field Curie- Weiss model. 

The canonical free energy for the Random Field Curie- Weiss model derived in [17] is 

/Mmi,m 2 ) = - (mi+ 8 m2)2 - |(m! - m 2 ) + + T(m 2 )), (2.18) 

where J(m) = log (±±22) + log (^). In Section 9 of [16], it was proved that 



< 9 < 0i, c (/3), for 1< p < §; 
< 6> < <9i, c (/3) for/3 > §, 



(2.19) 



where 

0i, c (/3) = i arctanh (1 - i) 1 / 2 , (2.20) 

is the maximal region of the two parameters {(3,0), whose closure contains (1,0) in which //3, #(•,•) has 
exactly three critical points mp,0,Tmf3. The two equal minima correspond to mp = {rafj^,ra^^) and 
Trap = (—mp.2, —mp,i) and a local maximum. Calling rhp — UhLllUhLl^ on £ we have 

' < 1. (2.21) 



2cosh 2 (/3(mf3 + 9) 2 cosh 2 /3(m - 6) 

Moreover, for all (/3, 9) G the minima are quadratic and therefore there exists a strictly positive constant 
k(/3, 9) so that for each m G [-1, +1] 2 

fp,o(m)- faetmp) > ^,9)min{\\m - m p \\l,\\m - Tm p \\\}, (2.22) 

where || • ||i is the I 1 norm in M 2 . 
• The spatially homogeneous phases 



We introduce the so called "excess free energy functional" !F{m), m e T: 



Iff 2 f (2-23) 

= 4 / / J(r -r')[m{r) -m(r')} drdr' + / [fog (mi (r), m 2 (r)) - fp,e(mp tl , mp, 2 )] dr 

with //3,e(wi, TO2) given by (2.18) and m(r) = (mi(r) +m2(r))/2. The functional T is well defined and non- 
negative, although it may take the value +00. Clearly the absolute minimum of T is attained at the functions 
constantly equal to rap (or constantly equal to Trap), the minimizers of fp.e- These two minimizers of T are 
called the spatially homogeneous phases. The functional T represents the continuum approximation of the 
deterministic contribution to the free energy of the system (cf. (3.3)) normalized by subtracting fp t g(mp), 
the free energy of the homogeneous phases. Notice that T is invariant under the T-transformation, defined 
in (2.16). 

• The surface tension 

In analogy to systems in higher dimensions, we denote by surface tension the free energy cost needed by the 
system to undergo to a phase change. It has been proven in [15] that under the condition m 1 (0) + m 2 (0) = 0, 
and for ((3, 9) e £, there exists a unique minimizer m — (7711,7712), of T over the set 

M.oo — {(7771,7772) e T ; limsup m;(r) < < liminf m^r), i = 1, 2}. (2.24) 

Without the condition mi(0) + 7772(0) = 0, there is a continuum of minimizers obtained translating 777. The 
minimizer ?77(-) is infinitely differentiable and converges exponential fast, as r t +00 (rcsp. —00) to the limit 
value 777^, (resp. Trap). Since T is invariant by the T-transformation, see (2.16), interchanging r | +00 and 
r I —00 in (2.24), there exists one other family of minimizers obtained translating T777. We denote by 

T* =T*(J3, 8) =T{m) = T(Tm) > 0, (2.25) 

the surface tension. 

• how to detect local equilibrium 

As in [14], the description of the profiles is based on the behavior of local averages of m 5 (x) over k 
successive blocks in the block spin representation, where k > 2 is a positive integer. Let S = kS* be such 
that 1/6 G IN. Let £ e [1,1 + 1) be a macroscopic block of length 1, C 5 ([£,£+l)), as in (2.5), and C > 0. 
We define the block spin variable 

r 1, if Vuec s ([t,t+i))TT,xec s .([u6,(u+i)6)) \\m 5 " {x,a) - mp\\i < (; 

^' C W = 1 -1, if v u6C<([/ , /+1)) £ Ex eC5 ,([^( U+ i) 5 ))ll^*(^^)-^lli<C; ( 2 - 26 ) 

I 0, otherwise. 

where for a vector v — (vi,v 2 ), \\v\\i = \vi\ + \v 2 \- When 77 5 ^(£) = 1, (rcsp. —1), we say that a spin 
configuration a G { — 1, 1}~^' £+1 ^ has magnetization close to mp, (resp. Trap), with accuracy (<5, () in 
[1,1+1). Note that r, s ^{£) = 1 (rcsp -1) is equivalent to 

\fye[£,£+l) \( dx\\m s '(x, t 7)~v\\ 1 <( (2.27) 

6 JD 5 (y) 
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for v = mp (resp. Trap), since for any u G C s {[£,£ + 1)), for all y e [uS, (u + 1)6) C [£,£ + 1), D s (y) = 
[u6, (u + l)S). We say that a magnetization profile m (•), in a macroscopic interval / C IR, is close to the 
equilibrium phase r, for r G { — 1, +1}, with accuracy (6, £) when 

{f? 4,c (^) = T, We/n^} (2.28) 

or equivalently if 

Vye/ \f dx\\m 5 "{x,a) - w||i < C (2.29) 

where v = mp if t = +1 and w = Tm^ if t = — 1. In the following the letter I will always indicate an 
element of 2Z. This will allow to write (2.28) as {r] SX {£) = t, W € I}. In (2.29) the interval I is always 
given in the macro-scale. The definition (2.29) can be used for function v more general than the constant 
ones. In particular, given v = (vi,v 2 ) € T, 6 = nS* for some positive integer n, ( > 0, and [a, b) an interval 

r a b \ 

in Brownian scale, we say that a spin configuration a e { — 1, 1} has magnetization profile close to v 
with accuracy (5, Q in the interval [a, b) if a belongs to the set 

Lel-Ml^'^Vyel-,-) \ [ dx\\m s '(x,a)-v s '(x)\\ 1 <A. (2.30) 



In view of the results on the typical configurations obtained in [16] the above notion is too strong. In fact 
the typical profiles form long runs of length of order 7 -1 (in the macroscopic scale) of ?7 <5, ''(-) = 1 that arc 
followed by short runs of ?7 <5 ^(-) = that are in turn followed by long runs of ?? (5, ''(-) = — 1. The typical 
profiles undergo to a phase change within the runs of r] s ' c (-) = . The length of these runs, see Theorem 
2.4 in [16], is smaller than 2R 2 — 2R 2 ('j) j 00 in the macroscopic scale, see (2.66). In the Brownian scale, 
this length becomes 2^R 2 and one obtains that 7-R2 I 0. So in Brownian scale, when 7 J. 0, the localization 
of the phase change shrinks to a point : the point of a jump. For small 7 > 0, the results in [16] allow to 
localize these points within an interval of length 2p » 2"/R 2 centered around well defined points depending 
on the realizations of the random field. We call p the fuzziness and p — p("f) J. in the Brownian scale. 

With this in mind, a candidate for the limiting support of Pf3,e,-y when 7 J, is an appropriate neighborhood 
of functions on M, (considered in the Brownian scale), taking two values rap — (to/3,i, TO/3,2) or Trap = 
(— J7i/3.2i —rap^i) that have finite variation. To fix the notations, we recall the standard definitions. Let us 
define, for any bounded interval [a, b) C IR (in the Brownian scale) BV([a, b), {rap, Tmp}) as the set of 
right continuous bounded variation functions on [a, b) with value in {mp,Trap}. Since we consider mainly 
bounded variation functions with value in {rap, Tmp}, we write BV([a, bj) = BV([a, b), {mp, Trap}). Since 
any bounded variation function u is the difference of two increasing functions, it has a left limit. We call the 
jump at r the quantity Du(r) = u(r) — u(r_) where w(r_) = lim s | r u(s). If r is such that Du(r) 7^ we call 
r a point of jump of u, and in such a case ||_Du(r)||i = Amp. We denote by N^ a ^(u) the number of jumps 
of u on [a, b) and by V^(u) the variation of u on [a, b), i.e. 

V»{u) = \\ Du ( r )h = N [aM (u)2[mp^+mp^] = AmpN [afi) (u) < 00. (2.31) 

a<r<b 

Note that Du(r) ^= only on points of jump of u and therefore the sum in (2.31) is well defined. We denote 
by BVioc = BV\ oc (IR, {mp,Tmp}) the set of functions from IR with values in {mp,Tmp} which restricted 
to any bounded interval have bounded variation but not necessarily having bounded variation on IR. If 
u e BV\ oc (IR, {mp, Tmp}), then, see (2.17), u e BV\ oc (IR, {mp, — mp}) where mp is defined before (2.21). 



10 



Since a phase change can be better detected in macro units we state the following definition which corresponds 
to Definition 2.3 of [16]. 

Definition 2.1 The macro interfaces Given an interval {(-i,(-2\ (in macro-scale) and a positive integer 
2R 2 < \£ 2 — £\ |, we say that a single phase change occurs within [£1,^2] on a length R 2 if there exists 
to e (£1 + R2J.2 - R2) so that v s ^(£) - rf'tih) e {-1,+1},W G [£i,£o - R2]; v sx (t) = v sx (h) = 
—r](£i)y£ G [£o + i?2,^2] } an d {£ € [£o — R2A0 + R2] ■ r] S '^(£) — 0} is a set of consecutive integers. We 
denote by Wi([£i, £ 2 ], R2, C) the set of configurations n 5 ^ with these properties. 

In words, on Wi([^i, £ 2 ], R2, C)i there is an unique run of = 0, with no more than 2R 2 elements, inside 
the interval [£\, £2]- To take into account that for the typical profiles the point of jumps are determined with 
fuzzincss p, it is convenient to associate to u € BV([a, b)) a partition of the interval [a, b) (in Brownian scale) 
as follows : 

Definition 2.2 Partition associated to BV functions Given u E BV([a,b)), p> S = nS* , with 8p + 8S 
smaller than the minimal distance between two points of jumps of u, let Ci{u), i = 1, .., N\ a> ^(u), (see (2.31 ) ), 
be the smallest Vg measurable interval that contains an interval of diameter 2p, centered at the i—th jump 
of u in [a, b). We have Ci(u) n Cj(u) = for i ^ j. 

Let C(u) = uf^ b){u) d(u). We set B{u) = [a, b) \ C(u) and write [a,b) = C(u) U B{u). We denote by 
Ci tl (u) = 7~ 1 Ci(u), Cj(u) = 7~ 1 C(u) and B 7 (u) = j~ 1 B(u) the elements of the induced partition on the 
macroscopic scale. 

Whenever we deal with functions in T we will always assume that their argument varies on the macroscopic 
scale. So m e T means that m(x), x £ I where I C M is an interval in the macroscopic scale. Whenever we 
deal with bounded variation functions, if not further specified, we will always assume that their argument 
varies on the Brownian scale. Therefore u G BV([a, b)) means that u(r), r e [a, 6) and [a, b) is considered in 
the Brownian scale. This means that in the macroscopic scale we need to write u(yx) for x € [-,-)■ For 
u e BV([a, b)), we define for x G ^) i.e in the macroscopic scale, 

u~<> 5 *(x) = -!- / u{js)ds. (2.32) 

Given [a, b) (in the Brownian scale), u in BV([a, &)), p > S = nS* > 0, with 8p + 8S satisfying the condition 

[ a b ) 

of Definition 2.2, £ > 0, we say that a spin configuration a e {—1, has magnetization profile close 

to u with accuracy (8, Q and fuzziness p if a <G <, j a b ^{u) where 

f 6 1 r 1 N i a ' b)( - u) 

:VyeB 7 («), - / \\m s '(x,a)-u^ 6 '(x)\\ 1 dx<C} fl Wi([C i>7 («)], R 2 , Q. 

(2.33) 

In (2.33) we consider the spin configurations close with accuracy (5, £) to rap or Tmp in B 7 (u) according to 
the value of u 7 ' (•). In C 7 (w) we require that the spin configurations have only one jump in each interval 
Ci tl (u), i = l, ..N, and are close with accuracy (S, () to the right and to the left of this interval to the value of 
u in those intervals of B 7 (u) that are adjacent to d n (u). With all these definitions in hand we can slightly 
improve the main results of [16]. 
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Theorem 2.3 [COPV] Given {[3,0) e £, see (2.19), there exists j (/3,0) so that for < 7 < jo(P,0), 
for Q = exp[(log 3(1/7))/ loglog 5(1/7)], with (7(1/7) a suitable positive, increasing function such that 
lim^joo g(x) = +00, lim^oo g{x)/x — for suitable values of 5 > 5* > 0, p > 0, C > 0, a' > 0, R2 
there exists Sli C f2 with 

JP[n 1 }>l-K(Q)(—^—) (2.34) 



5(1/7) 
where 

K(Q) = 2 + 5(V(J3, e)/(T*) 2 )Qlog[Q 2 g(lh)], (2.35) 
T* = T*{(3,6) is defined in (2.25) and 

For iv e fix we explicitly construct u*(a>) € BV([~ Q, Q]) so that the minimal distance between jumps of u* 
within [-Q, +Q] is bounded from below by 8p + 85, 

M/3, e , 7 (^ i7;f;[ _ QiQ] K(w))) > 1 - 2K(Q)e-$<xfa, (2.37) 

and 

V Q Q {u*) < im K(Q). (2.38) 



The previous Theorem is a direct consequence of Theorem 2.1, Theorem 2.2 and Theorem 2.4 proven in [16], 
together with Lemma 5.14 that gives the value (2.35). The control of the minimal distance between jumps 
of u* is done at the end of Section 5. 

To facilitate the reading we did not write explicitly in the statement of Theorem 2.3 the choice done 
of the parameters S, 6*, £, g, R2 nor the explicit construction of u* . We dedicate the entire Subsection 2.5 
to recall and motivate the choice of the parameters done in [16] as well as in this paper. The w*(cj) in 
Theorem 2.3 is a function in BV{[— Q, Q]) associated to the sequence of maximal elongations and their sign 
as determined in [16] Section 5. For the moment it is enough to know that it is possible to determine random 
points a* — a* (7,w) and a random sign ±1 associated to intervals [ea*,ea* +1 ) in the Brownian scale, where 
e = e(j) has to be suitably chosen. These random intervals are the so called maximal elongations. We denote 

( m , re [ea*,ea* i+1 ) if the sign of elongation [ea*,ea* +1 ) is = +1 
u (uj)(r) = < (2.39) 
[ Tmp, r e [ea*,ea* +1 ) if the sign of elongation [ea*,ea* +1 ) is = —1. 

for i e {k*(-Q) + l,...,-l,0,l,...,/c*(<9) - 1}, where 

k*{Q) =inf(i > : ea* > Q), k*(-Q) = sup(i < : ea* < -Q) (2.40) 

with the convention that inf(0) = +oo,sup(0) = —00 and ea^ < and ea\ > 0, that is just a relabeling 
of the points determined in [16], Section 5. The n*(—Q) and k*(Q) are random numbers and Lemma 5.14 
gives that, with a iP-probability absorbed in (2.34), we have \k*(—Q)\ V k*(Q) < K(Q), with K(Q) given 
in (2.35). This implies (2.38) 

2.4. The main results 
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Let u and u* £ BV\ oc . Denote by (W(r), r £ IR) the Bilateral Brownian motion (BBM) , i.e. the Gaussian 
process with independent increments that satisfies IE(W(r)) = 0, IE(W 2 (r)) = \r\ for r £ IR (and therefore 
14^(0) = 0) and by V its Wiener measure on C (M,B(C(R))). Let W be a real valued continuous function 
from IR to IR, that is a realization of a BBM. Let [a, b) C IR be a finite interval and denote by Af[ a ,b){ u , u *) 
the points of jump of u or u* in [a, b): 

N[a,b)(u,u*) = {r£ [a,b) : ||£>«(r)||i ^ or ||Du*(r)||i ^ 0}. (2.41) 

Note that by right continuity if ||Du(a)||i ^ then a £ Af[ a , b )(u,u*), while if ||Du(6)||i ^ then & ^ 
A/ r [ a> ;,)(u, w*). Since u and w* are -BVi oc functions A/r 0i b) [u, u*) is a finite set of points. We index in increasing 
order the points in Af[ a ,b)(u, u*) and by an abuse of notation we denote {i £ J\f[ a ,b)(u, u*)} instead of {i : r; t £ 
■^[a,b)( u , u *)}- Define for u £ BV\ oc , the following finite volume functional 

r [o , 6) (u|u*,wo 

_ 1 \- f^n,a,,,, na,,,,! t^.v,^ .,.^nm„. ^ w^.mI (2-42) 



^ ^-[H^rOHi - \\Du*{n)\\i] - V(f3,8)(u(n) - u* (n))[W(r l+1 ) W(n)} . 



2m ^ 12 

ieN[ a , b) («,«*) 

The functional in (2.42) is always well defined since it is sum of finite terms. In the following u* = u*(W / ) is 
a BMoc function determined by the realization of the BBM. We construct it through the h— extrema of BBM 
where h — YHTfi) • ^ n Section 5, we recall the construction done by Neveu and Pitman, [32], together with all 
its relevant properties. Here we only recall what is needed to state the main theorems. Denote, as in [32] , by 
{Si = S^;£ 2Z} the points of h— extrema with the labeling convention that . . . S-i < So < < Si < S% ■ ■ ■■ 
They proved that {Si = S^; £ 2Z} is a stationary renewal process, and gave the Laplace transform of the 
inter-arrival times. The u* = u* (W) is the following random BV\ oc function: 

{ma, for r £ [Si, «Si+i), if Si is a point of /i-minimum for W ; 
(2.43) 
Trap, for r £ [S i+1 , S i+2 ). 

{Traa, for r £ [Si, Sj+i), if 5, is a point of /i-maximum for W ; 
(2.44) 
rap, for r £ [S i+ i, S i+2 ). 

For W and u*(W) chosen as described, we denote for u £ BV\ oc 

T(u\u*,W) = J2 r [Sj , Sj+1 )(u\u*(W),W). (2.45) 

Since \[Sj, Sj + \)\ is V a.s a finite interval, 5 )(tt|ti*(W), W) is well defined. Actually it can be proven, 
see Theorem 2.4 stated below, that the sum is positive and therefore the functional in (2.45) is well defined 
although it may be infinite. The F(-|u*,T / l /r ) provides an extension of the functional (2.42) in IR. One can 
formally write the functional (2.45) as 

r(uK,M/) = 2^ {^Y J M dr [W D < r )h - \\Du*(r)\\i]-V{p,6) Jju(r)-u*(r))dW(r)} . (2.46) 

The stochastic integral in (2.46) should be defined but since we use merely (2.45) that is well defined, we 
leave (2.46) as a formal definition. We have the following result: 
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Theorem 2.4 V a.s. one can construct an unique u* = u*(W) G BV\ oc such that for any u G BV\ oc , 
T(u\u*,W) > 0. 

Theorem 2.5 and Corollary 2.6 stated next relate u*(ui) denned in (2.39) with u*(W) the minimizer of 
T(u\u*,W). 

Theorem 2.5 Given {[3,9) G £ , see (2.19), choosing the parameters as in Subsection 2.5, setting h — 2jr 
we have that 



7^0 



V{(3fi)> 

(2.47) 



for i G TZi . The {Si,i G 2Z} is a stationary renewal process on IR. The Si+i — Si, (and S-i — S-t-i) for 
i > 1 are independent, equidistributed, with Laplace transform 



^-A^+i-SO] = [ CO sh(/i\/2A)]- 1 for A > 



(2.48) 



(mean h 2 ) and distribution given by 



d_ 

dx 



fe=0 



exp 



-(2fc + l) ; 



, 7T X 



for x > 0. 



(2.49) 



Moreover S\ and —So are equidistributed, have Laplace transform 



LE\e 



-XSi 



h 2 X\ cosh(/i\/2A) 



for A > 



(2.50) 



and distribution given by 
d 



dx 



. oo / -\\k 



-(2fc+l) : 



, 7T X 



for x > 0. 



(2.51) 



The formula (2.48) was given by Neveu and Pitman in [32] and is reported here for completeness. 

Corollary 2.6 Under the same hypothesis of Theorem 2.5, for the topology induced by the Skorohod metric 
that makes BVi oc a complete separable space, see (5.4) we have 



* Law 3 

limit,, = u . 



(2.52) 



The proof of Theorem 2.5 and Corollary 2.6 are given in Section 5. 

Remark 2.7 . Note that the Laplace transform (2.50) is the one of the limiting distribution of the age or 
the residual life of a renewal process whose Laplace transform of inter-arrival times is given is (2.48). The 
explicit expression given in (2.51) is the same found by H. Kesten, [26], and independently by Golosov, [22], 
for the limiting distribution of the point of localization of the Sinai random walk in one dimension given that 
this point is positive, [35]. The formula (2.49) can be easily obtained from (2.51) knowing that (2.51) is the 
limiting distribution of the age of the above renewal process. 



Remark 2.8 . An immediate consequence of Theorems 2.3 and 2.5 is that to construct the limiting (in Law 
when 7 | 0) typical profile of the Gibbs measure one can proceed in the following way: Starting on the right 
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of the origin take a sample of a random variable with distribution (2.51) and put a mark there and call it 
Si, make the same on the left of the origin and call the mark Sq. Then the limiting typical profile will be 
constant on [So, Si). To determine if it is equal to nip or Tmp, just take a sample of a symmetric Bernoulli 
random variable r with value in {mp 7 Tmp} and take the profile accordingly. To continue the construction, 
use the above renewal process to determine marks 5*2 and S_i then take for the typical limiting profile in 
[Si, S2) and [S_i,So) the one with Tr defined in (2.16) with T 2 the identity, then continue. 

Recall that the results of Theorem 2.3 are obtained in a probability subset Qi depending on 7 and w* is 
defined only on the interval [— Q, +Q] = [— Q{~i), Q(l)] which is finite for any fixed 7, see (2.67). To our aim 
it is convenient to consider u* € BV([—Q, +Q\) as an element of BV\ oc by replacing w* by iC® where for 
ueBV([-Q,+Q}), 

« W = |"! r w? ) ^ ^"n (2-53) 
w [u(rV (-Q), if r < 0. y J 

In Theorem 2.5 we related the profile u*(ui) G BV{[— Q(j), Q(j)]), (or what is the same m*^ in BV\ oc ) 
to u*(W) G BV\ oc . Next result which is a weak large deviation principle, connects the random functional 
T(-\u* ,W), (2.45), with a functional obtained when estimating the (random) Gibbs measures of the ncigh- 
boorhood Vg ^ j_q + q]( u ) f° r u belonging to a class of perturbations of u*(uj) that has to be specified. Let 
us denote for Q = Q{^) and f(Q) a positive increasing real function, 

W«K) = {u G BV loc ; u«(r) - uf(r),V \r\ > Q - 1, V Q Q (u) < V%{u*) f (Q)} . (2.54) 

The last requirement in (2.54) imposes that the number of jumps of u does not grow too fast with respect 
to the ones of u*. Note that u in Uq^(u*(u>)) is a random function depending on 7 that is u = u(-f) and 
u = m(7, u) if one needs to emphasize the u> dependence. 

Theorem 2.9 Given {(3,0) e £, let u* e BV\ oc be the V a.s. minimizer for T(-\u*,W) given in (243), 
(2.44)- Setting the parameters as in Subsection 2.5, taking 

f(Q) = e (8T^-'')( 1 °gQ)( 1 °g 1 °gQ) ; (2.55) 
with < b < 1/(8 + 4a), for u(j,lu) E Uq(u*(uj)) such that 

lim(u(7),u*) L = w (u,w*) (2.56) 

7i0 



we have 



lim 

7|0 



log M/3 , e , 7 (^ 7iCi[ _ QQ] ( U (7)))] L =T(u\u*,W). (2.57) 



Let us consider some examples: Suppose u\ € Uq(u*(w)) is such that for some L > 

ui(w)(r) = v(r)l { _ L , L] (r) + u;(w)l [ _Q iQ] \ [ _ iii] (r), (2.58) 

where v G BV\ oc is non random function. When L is a fixed number independent on 7 then (u\,u*) converges 
in Law when 7 J. to 

(«(r)I[_ L , L] (r) + u*(r, ^^[.^(r), u*(r, W)) 
15 



and the functional in the r.h.s. of (2.57) is computed on u(r) = v{r)1[_L^ (r) + u* (r, W)Ijr\[-l,l] (r). When 
L = £(7) in (2.58) goes to infinity when 7 j then (ui,u*) converges in Law to (v,u*) and the functional 
in the r. h. s. of (2.57) is computed on the function u(r) = v(r). Theorem 2.9 is a consequence of accurate 
estimates, see Proposition 4.2, where approximate terms and errors are explicitly computed. 

2.5 Choice of the parameters We regroup here the choice of the parameters that will be used all along 
this work. This choice is similar to the one done in [16]. First one chooses a function g on [1, 00) such that 
g(x) > l,g(x)/x < l,Vx > 1 and lim^oo x~ l g^(x) = 0. Any increasing function slowly varying at infinity 
can be modified to satisfy such constraints. A possible choice is g(x) — 1 V logx or any iterated of it. For 
5* , which represents the smallest coarse graining scale, we have two constraints: 

where k((3, 9) is the constant in (2.22) and 



A possible choice of S* is 



7 



for some < d* < 1/2. (2.61) 



The first constraint, (2.59), is needed to represent in a manageable form the multibody interaction that 
comes from the block spin transformation, see Lemma 3.5; the second one, (2.60) is needed to estimate the 
Lipschitz norm when applying a concentration inequality to some function of the random potential. 

Taking g slowly varying at infinity, the conditions (2.61) (2.59) and (2.60) are satisfied by taking 7 small 
enough. For (£, 5), the accuracy chosen to determine how close is the local magnetization to the equilibrium 
values, there exists a £ = Co(/3, 0) such that 

tt < C < Co, (2.62) 



and 6 is taken as 



The fuzziness p is chosen as 



[*«)]"¥' s (f) 

,2 - 63) 



5 \ 



1/(2+0) 



(2.64) 



where a is an arbitrary positive number. Note that 5 < p and p/S | 00, so in Definition 2.2 we have just a 
constraint of the form 7 < 70 (u). Furthermore e that appears in (2.39) is chosen as 



e = (5/g(S*h))\ (2.65) 



i?2 that appears in Definition 2.2 is chosen as 

R 2 = c((3,9)(g(6*h)) 7 / 2 (2.66) 

for some positive c((3, 0), and 

Q = exp[(log 9 (<r/7))/loglog 5 (<r/7)]. (2.67) 
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Note that choosing S* as in (2.61), in Theorem 2.3 we have called 5(1/7) what is really g(^~( 1 / 2 )+ d ) however 
since g is rather arbitrary this is the same. Note also that since g is slowly varying at infinity as we already 
mentioned 7-R2 I when 7 J. 0. At last, note that the only constraint on ( is (2.62). In particular one can 
also choose £ in Theorem 2.3 as 

that goes to zero with 7. 



3 The block spin representation and Basic Estimates 

As explained in the introduction the first step is a coarse graining procedure. The microscopic spin 
system is mapped into a block spin system (macro scale), for which the length of the interaction becomes 
1. In this section we state the results of this procedure, see Lemmas 3.1 and 3.2. The actual computations 
are straightforward, but tedious. Once this procedure has been accomplished one needs to estimate and 
represent in a form, convenient for further computations, the multibody interaction, which is a byproduct 
of the coarse graining procedure, and the main stochastic contribution to the coarse grained energy. The 
multibody interaction is represented as a convergent series applying a well known Statistical Mechanics 
technique, the Cluster expansion, see Lemma 3.5. The main stochastic term is represented with the help of 
Central Limit Theory, in Proposition 3.6. We then give some basic estimates which we will apply in Section 
4. 

With Cs*(V) as in (2.5), let £f denote the sigma-algebra of S generated by mf (a) = (m s " (x,a), x e 
C S ,(V)), where m s *(x,a) = (m s ' (+, x, a), m s * (-, x, a)), cf. (2.8). We take / = C M with z± e 7Z. 

The interval / is assumed to be T>g* -measurable and we set d+I = {x e lR:i + < x < i+ + 1}, d~I = 
{x e IR:i- - 1 < x < and dl = d+I U d~I. For (mf ,m|j) in M S .(I U dl), cf. (2.12), we set 

fh 5 " (x) = (mf (x) + mf (x))/2, 

E{mf)^- 5 - Yl Js'(x~y)rh s *(x) m s '(y), (3.1) 

(x,y)eC 5 *(I)xC 5 *(I) 

E(mf,m s d ' ±I ) = -S* E Js*(x-y)m S *(x)m s '(y), (3.2) 

xec 5 ,(i) y ec s ,(d±i) 

where Js*(x) = 5*J(5*x). Further denote 

65* 

T{mf \m 5 d \) =E(mf ) + E(mf , m s d \) - — ^ (mf (x) - mf (x)) 

xec 5 ,(i) 



5*7-72 \ / 5*7-72 



(3.3) 



G(mf)= E e x , m - (x) (X(x)) (3-4) 
xec s ,(i) 

where for each x G Cs*(I), G x ,m 5 * (x)(^( x )) ^ s tne cumulant generating function: 

Gx,m'* (x) {KX)) = ~ K] m ** (x) "% (3.5) 
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of the "canonical" measure on {-1,+1} A( - X \ defined through 

J2cr <P( a )^-{m s ' (x,<j)=m s * (x)} 



IE' 



S* 

x.m s * (x) 



the sum being over a e {-1,+1} A< - X \ Finally denote 



(3.6) 



Vim* ) = V I {m° I , h) = -- log IE mS . (I) \ 



n 



-/3(7(<T /1 ( x ),(T A ( y) )j 



x^y 

x,y£C s ,(I)xC 6 *(I) 



where 



and 



U(a A (x),(7A(y)) = - n /[ J ('y\i-j\)-J(S*\x-y\)]aia : i. 

i£A(x),j£A(y) 



(3.7) 



(3.8) 



L Vll ll ieCs ,(/) V'^i^'tx^ie ,6D(,1) /( <T ) 

TT 1T 2/30A(>i)V (Tj 



(3.9) 



Let F s be a Sf -measurable bounded function, m|j € A4s»(dl) and np.e^ (F s the conditional 

expectation of F 5 given the cr-algebra S| 7 . We obtain: 



Lemma 3.1 



>7 (F 5 * I S|* 7 ) (m&) 



±^25* 

e t 



^ F 5 *(m 5 *)e~% {^( m T\m 5 aj)+jg(mf)+ 7 V(mf)}^ ^ ^ 



where equality has to be interpreted as an upper bound for ± = +1 and a lower bound for ± = — 1, and 

z^eA^) = E e -H^ri™-)+7a( ro r) +7 y(™f)}. (311) 



That is, up to the error terms e ± ~ 25 , we are able to describe the system in terms of the block spin variables 
giving a rather explicit form to the deterministic and stochastic part. The explicit derivation of Lemma 3.1 
is done in Section 3 of [16]. Here we only point out that since 



one can estimate 



|I{ 7 |i-j|<l/2} _ !{<5*|x-2/|<l/2}| < ^{-S'+l/2<S'\x-y\<S* + l/2} 



\U{or A (x)^A(y))\ < 7( — ) 2 I{l/2-5*<5*|a;- 2/ |<l/2+«5*}- 



(3.12) 
(3.13) 



Therefore, given mj € Ms* {I), we easily obtain from (3.13) 



fl-(<7 7 -ij) + h t n t --E{mf) 



io s[ n n e- i3u{aA ^' aA ^ ) 



< \I\6* 7 -\ (3.14) 
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for a e {a e 7 x l : m s (x, cr) = m s (x), Vx € Cg' {!)}■ The following lemma gives an explicit integral form 
of the deterministic part of the block spins system. For m e T, //3,e(m) defined in (2.18), let us call 

F(mi\m dI ) = J fpfi{m{x))dx+ ^ ^ J J(x - y)[m(x) - m(y)} 2 dxdy 
+ — J dx j J(x — y)[m{x) — m( 



(3.15) 



Lemma 3.2 Set m^ a/ G (J U dl), m{r) = m 5 ' {x) for r G [xS*,(x + 1)6*) and x e C s * {I U dl), then 
one has 



\£( m f\ m s d ' I )-F( mi \ mdI ) + Y Yl K*(y)] 2 E ^(^-2/)l<|/|^log 



yec s ,(di) 



7 , S* 
log — 

7 



(3.16) 



Proof: 

Using Stirling formula, see [?], we get 



xec s ,(i) 



_7_ / ^7-V2 

(36* i0g i^'W s*7-V2, 



5*7-72 

l+m^* (x) 



5*7-V2. 



(3.17) 



where Z(-) is defined after (2.18). Recalling the definition of fp t e(m), cf. (2.18), the lemma is proven. ■ 

There are two random terms in (3.10): CJ(mf ), the main random contribution, and V(m S j ), the random 
expectation of the deterministic term (3.8). To treat them we will use the following classical deviation 
inequality for Lipschitz function of Bernoulli random variables. See [31] or [14] for a short proof. 

Lemma 3.3 Let N be a positive integer and F be a real function on Sn = {—1,+1} N and for all i G 
{1,...,N} let 

F(h) - F(h) 



\\9iF\\ 



sup 



(h,h):hj=hj,\/]^i \tli-hi 



(3.18) 



If IP is the symmetric Bernoulli measure and WdlF)]] 2 ^ = 1 1 ^i(F) \ | ^ then, for all t > 



W[F - IE{F) >t]<e 4 " 9 < F "i~ 



and also 



IP[F- IE{F) <-t]<e 4 " a < F >"~ . 



(3.19) 



(3.20) 



When considering volumes / that are not too large, we use the following simple fact that follows from (3.4) 
and (3.5) 

\Q{mf)\<26 sup E I E ^ - 26> E \ D ( X )\- ( 3 - 21 ) 



Lemma 3.3 implies the following rough estimate: 
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Lemma 3.4 (The rough estimate) For all S* > 7 > and for all positive integer p, that satisfy 

12(1 +p)S* log- < 1 (3.22) 

7 

there exists Qre = ^re(i, 5* ,p) C with IP[CIre] > 1 — 7 2 swc/i £/iaf on Qre we have: 

z x ec s .(i)(\D(x)\-m\D(x)\}) . ^/3(^Trt f— — ,„ 9 „, 

sup 2-^ = < -2: \/7log- (3.23) 

/c[- 7 -p, 7 -p] VpT 7 V 7 



and, uniformly with respect to all intervals I C [—7 p ,7 p ], 

^ sup ^ 7 |5(mf )|| < 29(^yfl + V3(TT^^|/|7log^ < 2fl|/|^. (3.24) 

This lemma is a direct consequence of Lemma 3.3, since |-D(x)| = (|£)(x)| — 7E[|L>(x)|]) + 7B[|£)(x)|] , 

\ D (x)\ = \ HieA(x) h AI 2 ^ and ^[1^(^)1] < W S *fo h y Schwarz inequality. When we use the estimate 
(3.24), V(mf) is estimated using (3.14) and one has 

sup l\V(mf)\<S*\I\. (3.25) 

mf eM s *{I) 



However when (3.24) and (3.25) give useless results, one can use Lemma 3.3 to estimate V(m S j ) and at some 
point \\diV(m s )|| oc will be needed. In Theorem 8.1 in [16], with the help of the cluster expansion, we prove 
the following. 

Lemma 3.5 For any finite interval I, let 

V^mf ,h)- Vr(mf ,h) 
||0iVH|oo= sup — . (3.26) 

(hjiy.h^hjtf&i \n — n\ 

Then, for all f3 > 0, for all 6* > 7 > 0, such that 

(5*) 2 1 

-r s i£¥ (3 - 27) 

we have ^ 

sup sup H^VrlU < -, (3.28) 

/cz iei p 1 — d 



where < S < 6e 3 f3 



Together with the above estimates for Vi, we need an explicit expression for Q{m S j ). Since D(x) C B~ x W(x), 

Qx.m s *(x) (^(x)), see (3.5), depends only on one component of m s (x), precisely on m s 3+x(x) . In fact, we have 

2 

it 2p8\(x) V (7, 

^ e{ _i i+ i } B-M-)(. ) ]l {rn «; +MB)(Xl(T) = rn «; +Ma)} e 
e x , m >- (x) (A(x)) = --.log = =2=- =2= , (3.29) 

P M_i, + i } b-»W(.) U « +A(x) (x,a)=m^ + , w } 



T 2~ 
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since the sums over the spin configurations in { — 1, +l} sA<a:> ( :E ) - the ones that depend on m s ^_ Ml) - cancel 

— i — 

out between the numerator and denominator in (3.6). The formula (3.29) is almost useless. One can think 
about making an expansion in (39 as we basically did in [14], Proposition 3.1 where (39 was assumed to be 
as small as needed. Since here we assume ((3,9) £ £, one has to find another small quantity. Looking at the 
term J2ieD(x) ai m (3-5) an d setting 



p(x) ee p(x,u) = \D(x)\/\B x ^(x)\ = 2 1 \D(x)\/5*, 
it is easy to sec that for / C M, if 
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1/2 



-) lQ g^<^' 



we have 



IP 



sup p(x) > (27/(5*) 3 

xec 5 .(i) 



(3.30) 



(3.31) 



(3.32) 



Depending on the values of m\ +x(!c) , G x . m s*( X ) (A(.t)) has a behavior that corresponds to the classical Gaus- 

2 

sian, Poissonian, or Binomial regimes, as explained in [14]. It turns out, see Remark 4.11 of [16], that 

we need accurate estimates only for those values of m s 3+x(x) for which Q x , m s*( x ) (A(x)) is in the Gaussian 

2 

regime. In this regime, applying the Central Limit Theorem, we obtain a more convenient representation 
°f Gx,m 5 * (x) (•M a 0) which is the content of next proposition. Let ga(n) be a positive increasing real function 
with limnjoo go(n) = 00 such that go(n)/n is decreasing to when n | 00. 

Proposition 3.6 For all ((3,9) e £, there exist 70 = 7o(/3, 9) and d ((3) > such that for < 7 < 70, 
l/S* < d ([3), on the set {sup xeCs „ (J) p(x) < (2 1 /8*) 1 / i }, if 



t | + A(x) (X)| < 1 ~ 



goOS'7-72) Wp(x)(39 \ 
5*7-72 1 - tanh(2/?6>) J 



(3.33) 



then 



■\(x)2f36,p(x),m s * + (x) 

<3 x , m s*(x) (K x )) = 2 



(3.34) 



- \\D(x)\ [logcosh(2/30) + log (l + \(x)m s * +Hx) (x) tanh(2/30)) + <p(m 5 3 * +Hx) (x), 2\(x)(39,p(x)) 
pi \ 2 / 2 



where 



and 



^mf+xw (ar),2A(a;)/30 ) p(a:)) 



< 



1/4 



32/361(1 + /30) 



(l-|mr +A(x) (x)|) 2 (l-tanh(2/30)) 



log 



*A(x)2/3e,p( :C ),m- 5 3 * +A(x) (x) 
1 



0,0, m* 



< 



18 



+ 



1/4 



with 



c((36) 



.9o(<5*7-72) 

tanh 2 (2/3(9) (1 + tanh 2 (2/?6>)) 2 
[1 - tanh 2 (2/36»)] 2 [l - tanh(2/36>)] 6 ' 



c((36), 



(3.35) 



(3.36) 



(3.37) 
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The proof of Proposition 3.6 is given in Proposition 3.5 of [16]. In the following we deal with quotients of 
quantities (partition functions) of the type (3.11) with boundary conditions that might be different between 
numerator and denominator. For this reason it is convenient to introduce the following notations. Let I any 
finite interval. We set m ai = (m d -j,m d+I ) and, see (3.11), we denote 

Z/3,o,-y,i ("4- j = m Sl ,m s d+I = m S2 ) = z™^'™" 2 (3.38) 

where (m Sl ,m S2 ) G {m_,0,m + } 2 and for m Sl = 0, we set in (3.11) E(mf ,m s a '_ T ) — while for m S2 =0wc 
set E(mj , m 5 a+I ) = 0. In a similar way, recalling (3.10), if F s is Sf -measurable we set 

msi , ms s , y fn F(mf ) e -f{^™ri<- J =m sl mf +J =m S2 )+7e(mf)+7^(™f*)} 

7 m si ,m S2 — r7 m B1 ,m B2 ■ \o.O\)) 

Further, let mj| be one of the points in { — 1, — 1 + . . . , 1 — |3-,l} 2 which is closest to m^. Let 7 
be the function which coincides with mi on / and vanishes outside / and TZ S '^(r]) for r] = ±1 the set of 
configurations which are close with accuracy (5, £), see (2.28), to mp when rj = 1 and to Tm^ when 77 = — 1. 
By definition, |m^* — mp\ < 87/^* and choosing suitable the parameters we obtain that mjg* (resp. Tm S p) 
is in TZ S ' ( '(+1), (resp 1Z S ^(— 1)). According to the results presented in Section 2, the typical configurations 
profiles are long runs close to one equilibrium value followed by a jump, then again long runs close to the 
other equilibrium value an so on. It is therefore comprehensible that the following quantities will play an 
important role. 

s zr(TK s >H V )) 

Since the two minima of fpj, see (2.18), are mp and Tmp, we have TTZ s ^(rj) — lZ s ^(—ri), and we write 
(3.40) as 



(3.41) 



where 



and 



and 



wg(m s ; tI ) = v [gH'j) - G(Tm s ; tI )] =-11 ( 3 - 42 ) 

xec s ,(i) 

X{x) = G x>mt; (X(x)) - g x>Tmt; (X(x)), (3.43) 

V ir , -f {^(mf,0)+ 7 A-"e( m f )+ 7 y(Tmf )} ( 3 ' 44 ) 

_ LmfeAl''*(/) 1 {R«('/)} e 1 J 
= V « 1L~^ -f{^K*,o)+ 7 A ^( m f )+ 7 y(mf )} ' 

Ag5(mf)= £ A3<£ m4 . (x) (3.45) 
a;ec a »(/i2) 



22 



where recalling (3.5), 



•(x) 



TTLq (x) 



(3.46) 



with T° equal to the identity. When flipping hi to —hi, for all i, then X(x) — > — A (a;), B + {x) — » _B (x) while 
D(x) does not change. Therefore, 



Z^W-ry)) 



^°'°(^('7)) 



(ft) 



2? ,0 (ft(-»7)) 



(-M, 



(3.47) 



which implies that log y U ,o, , (h) is a symmetric random variable, in particular has mean zero. Further 
the X(x) in (3.43) is a symmetric random variable as it can be directly checked inspecting (3.5). Therefore 
log *l?,i) fn?( (h) is a symmetric random variable having mean zero and it has been estimated in [16] applying 

Lemma 3.3. In [16] this term was denoted z"'°'s^(i) ■ The estimate is reported in the next Lemma. 



Lemma 3.7 Given (/?, 9) G £ , there exist -jq — Jq(0, 9) > 0, d — d a ([3, 9) > 0, and £ = £o(/?> @) suc h that 
for all < 7 < 70, for all S* > 7 with < d , for all < £ < Co satisfy the following condition 



where c(/39) is given in (3.37) and c(f3, 9) is another [3, 9 dependent constant, then for all a > 0, 



(3.48) 



IP 



max max 
^CAq j 12 cj 



log 



Z t (W) 



4a + 12C 

7 



< 



2Q e" 



1 -e~~ 



(3.49) 



w/iere max/cA Q * denote the maximum over the intervals I C Aq such that \I\ = 67 1 and u = 8 £'Z(p 



or 



To apply Lemma 3.3 one needs a control of the Lipschitz norm of the object to be estimated. The Lipschitz 



is given in Lemma 4.9 of [16]. The estimate in Lemma 3.7 holds for interval /, 



norm of log ■ 

|/| = £7 _1 . To treat intervals longer than -, see Lemma 4.19, Section 4, one needs a non trivial extension of 
Lemma 3.7 and a convenient choice of the parameters involved in the estimate. This was done in the proof 
of Lemma 6.3 of [16]. The estimate (3.49) is useful when e is small (e — > 0). When dealing with intervals 
of order —, (e = 1) to get an useful estimate we need to have u — ► 00. The only way to obtain this, sec the 
choice of u in Lemma 3.7, is to let £(7) — > as 7 — > 0. But £ is the accuracy we choose and we would like 
to have £ satisfying (3.48), small but not going to zero when 7^0. So the main effort is to show, that 
eventhough the accuracy to define the vicinity of the profiles to mp or Trap is kept finite, it is possible to 
find with overwhelming Gibbs probability and IP a.s., blocks in which the typical magnetization profiles are 
indeed at distance less than £5 to mp or Tmp, with £5(7) ~ > as 7 — > 0. This allows to replace the £ in the 
definition of u with £5. This is done in Theorem 7.4 of [16] and it will be applied when proving Proposition 
4.2 in Section 4. 

To treat the term in (3.42) we apply Proposition 3.6 on the set {p(x) < (2^/S*) 1 / 4 } and we obtain a very 
convenient representation for X(x) 



X{x) = -\{x)\D{x)\ 



log 



1 + m s ' 2 tanh(2/?0) 
1 - m s * s tanh(2/36») + ' 



1 (x,(39,p(x)) 



-\(x)Z 2 (x,f36,p(x)) 



(3.50) 
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where Si and S 2 are easily obtained from (3.34). Furthermore, choosing go{n) = n 1 / 4 in Proposition 3.6, it 
follows that 

po(i + pe) 7,1/4 



|Si(x,/30,p(x))| <64 



(1- 771/3,1)2(1 - tanh(2/?6>)) v 5 



and 



\E 2 (x,pe,p(x)\<(2^ 4 [36 + 2c(/3^)] 



(3.51) 



(3.52) 



where c((36) is given in (3.37). The X(x) are in fact symmetric random variables as it follows from (3.50). 
We have that 

iE[X(z)! {p(x) < (27/6 , )1/4} ] = 0, 

5* (3-53) 
IE[X (x)l {p{x) < {2j/s *)i/4 } ] = —c((3, 6,^/6*) 



7 



where c(j3,9,-f/S*) satisfies 



c(/3,e,j/S*) <{V{f3,6)Y [l + ( 7 /(i*) » 
c(/3,0,7/n>(W0)) 2 [l-(7/<n* 



n 2 



(3.54) 



and y(/3, 0) is defined in (2.36). By the results in [16], the runs of configurations close to mp or to Tmp are 
of order 1 in Brownian scale ( — j in micro units), so it is convenient to partition if? into blocks of length e, in 
the Brownian scale; i.e. each block in micro units is of length and the basic assumption is that e = £(7), 

lim 7 ^o e (7) = 0, 4^ > 4^, so that each block of length contains at least one block A(x); to avoid rounding 
problems we assume e/-fS* £ IN, and that the basic initial partition A(x): x <G Cg* (M) is a refinement of the 
present one. We define for a e 2Z: 



x:S* xGA e / 1 (a) 



(3.55) 



where A e / 1 (a) — [a^,(a + 1)^) and for the sake of simplicity the 7, <5* dependence is not explicit. To 
simplify further, and if no confusion arises, we shall write simply x( a )- Note that x( a ) is a symmetric 
random variable and from (3.53) 

IE[ X (a)} = 

IE[ X 2 (a)] =ec(0, 0,-y/S*). 



(3.56) 



It was proved in [16], Lemma 5.4, that there exists do((3,9) > such that if -f/5* < do((3,0) then for all 
Aeffiwe have 



IE 



(3.57) 



where V({3, 9) is defined in (2.36). 



4 Finite volume estimates 

In this section, we give upper and lower bounds of the infinite volume random Gibbs probability 
Hpfi^i'P^ q [-qq]( u )) m term of finite volume quantities, see Proposition 4.2. This is the fundamental 
ingredient in the proof of Theorem 2.9. By assumption u e Wq(m* (w)), see (2.54), where for u) € fli, the 



24 



probability subset in Theorem 2.3, u*(uj) € BV([— Q, +Q]) is the profile defined in (2.39). There is no lost 
of generality to assume that there exists a positive integer L, L < Q such that 



u 7 (r) =u*{r), V|r| > L. (4.1) 
To avoid the case that a jump of u* (u>) occurs at L or —L, we require that 

{-L} U {L} i U?%l_ Q) [ea* - 2p, ea* + 2p] , (4.2) 

where k*(±Q) are defined in (2.40) and p is chosen as in (2.64). To see that requirement (4.2) is harmless, 
let 

Q 3 = 3 (Q) = |J {u;:{-L}U{L}eU k i i Q k l Q) [ea:-2p,ea* + 2p}}. (4.3) 
Le[i,Q]nx 

We have the following result. 

Lemma 4.1 There exist jo((3, 0) > and a > st/cft </ia£ /or 7 < 70 = 7o(A #) we /iai>e 

2P[n 3 ] < < 1 -^ s - • (4.4) 

(5( ^))8(2+zy (5( ^))To(2+5y 

Proof: Note that 

Q 3 C |J {3*e{«*(-Q),...,/s*(Q)} ) ea* e [L - 2p, L + 2p] U [-L - 2p, -L + 2p]} . (4.5) 
L6[i,Q]nx 

To estimate the probability of the event (4.5), we use Lemma 5.14 where it is proven that uniformly with 
respect to Q and with iP-probability larger than 1 — (5/g(<5*/7)) 8(2+a) , k*(Q) and k*(—Q) are bounded by 
K{Q) given in (2.35). The other ingredient is the estimate of the probability that ea^ or ea\ e [— 2p, +2p]. 
This is done in Theorem 5.1 of [16] (see formula 5.29, 5.30 and 6.66 of [16]). Then for some c((3,6), a > 0, 
when 7 < 7o(/3, 6) we have the following: 



IP[3ie{K{*-Q),...,K*{Q)}:ea* G [L-2p,L + 2p]} 



8(2 + a) 



< 2c{M)K{Q)[ g {5*hT 1,m+a)) + ( ^Fy ) < — 



(4.6) 



7 V ( 5 (f)) 8 ( 2+a ' 

By subadditivity one gets (4.4), recalling that Q = exp log(g(4^))/ loglog(g( 4^)) . ■ 

^From now on, we will always consider uj £ Q\ \ O3 and since the union is over L <G [1, Q] fl ^ in (4.3), 
this probability set is the same for all u € Uq(u*(iv)). For u e Uq(u^(lj)) and L so that (4.1) holds, denote 

n - inf(r : r > -Q, ||£>u(r) - £»«*(r)||i > 0); r last - sup(r : r < Q, ||D«(r) - Du;(r)||i > 0) (4.7) 

where Du is defined before (2.31). The n is the first point starting from — Q where it differs from u^(uj) and 
r last ^ s ^ e l as t P om t smaller than Q where u differs from u*(u>). We denote by 

n i = l,..JVi, ^ = r last (4.8) 
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the points of jumps of u or u*(ui), between n > — Q and q agt < Q, in increasing order. Note that rj could 
be a point of jump for both u and u*(u>) and 

Ni < N { _ Li+L] (u) + N { _ Li+L] ( U ;(w)). (4.9) 

We have the following result. 



Proposition 4.2 Take the parameters as in Subsection 2.5. Let fii be the probability subspace of Theorem 
2.3 and O3 defined in (4-3), CI4 defined in Corollary 4-M an d ^5 defined in (4.96). On fix \ (Q3 UO4U O5), 

lAa 

with 2P[fii \ (fi 3 U Ot U 5 ))] > 1 - 3(a(^)) 10 ( 2+a ) , for some a>0, for all u £ Uq(u*(u))) such that 

tf[-g, + Q](«) < ^[-Q, +Q ]K)e ( ^- 6)(losQ)(loslogQ) (4.10) 
/or < 6 < 1/(8 + 4a), £/iere exists a 70 = 7o(/3, 0, u) sitc/i fftai /or all < 7 < 7o(/3, 6*, u), we /icwe that 



W,e,7^ 7 ,C,[-Q,Q]( U )) 



||Dti(ri)||i - ||D«;(ri) 



4m^ 



+ ^u(ri)-«;(r0 



i=l 



a: eaG[r"i,ri-|-i) 



(4.11) 



±ff(«77)- 



we ftai>e an upper bound for ± = +1 and a lower bound for ± = — 1. 



Since the proof of Proposition 4.2 is rather long, we divide it in several intermediate steps. It is convenient 
to state the following definitions. 

Definition 4.3 Partition associated to a couple (u,v) of BV([a, b}). Let u and v be in BV([a, b]). We 
associate to (u,v) the partition of[a,b] obtained by taking C(u,v) — C(u)L)C(v) andB(u,v) = [a,b]\C(u,v). 

The C(u) and C(v) are the elements of the partitions in Definition 2.2. We set C(u,v) — ufj.\' b] Ci(u,v), 
whereN[ ab ] = N(u,v, [a,b]) is the number of disjoint intervals in C(u,v), maxjiV^^u), N[ ab ](v)} < N[ a ,b] < 
N [aM (u) + N [aM (v). 

By definition, for i ^ j, Ci(u) n Cj(u) = and Ci(v) n Cj(v) — 0, however when u and v have jumps at 
distance less than p, Ci{u)C\Cj{v) 7^ for some i ^ j and in this case one element of C(u,v) is Ci(u)[JCj{v). 

Remark 4.4 . The condition that p and 5 are small enough in such a way that the distance between two 
successive jumps of u or v is larger than 8p + 85, see Definition 2.2, implies that the distance between any 
two distinct Ci(u, v) is at least 2p + 26. This means that in a given Ci(u, v) there is at most two jumps, one 
of u and the other of v. 

The partition in Definition 4.3 induces a partition on the rescaled (macro) interval - [a, 6] = C 7 (u, t))UB 7 (u, v) 

where C 7 (u, v) = U^i' 61 Ci,j(u, v) and Ci j7 (u, v) — 7 _1 Ci(u, v). 

We will use Definition 4.3 for the couple (u, u*(u)) for u G Uq(u*(oj)), [a,b] = 1 as t]; scc (4-7). For 
simplicity we denote 

N(u,u;(w),[r u r last ]) = N. 
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Of course, N\ > N, see (4.9). We write in macroscale 

C 7 (u,u;)=uji 1 [a i ,& j ), [a i ,b i )n[a j ,b j ) = 9 l<i^j<N. (4.12) 

Remark 4.5 . In Proposition 4.2, 70 = 7o(/3, 0, u) depends on u since 8^(7) + 8^(7) has to be smaller than 
the distance between two successive jumps of u. 

Since the estimates to prove Proposition 4.2 are done in intervals written in macroscale we make the following 
convention: 

m(x) = u("fx), to* (x) = u* ("fx) for x G — [— Q,Q] 

1 

Q Q L L r i ■ 1 at (4 13) 

9i = , 92 = — ; vi = , v 2 = —; Xi = —, i = l, ...,JVi ^ °> 

<y <y <y <y <y 

where we recall that n are the points where u or u* jumps, see (4.8). Furthermore, let us define 



'0 if eeC-y{v); 

1 when m(x) equal to mp for x G B 7 (v); 
k — 1 when m(x) equal to Trap for x G B 7 (v). 



T)(1,V) = < 

Note that r](£, v) is associated to the function v not to a block-spin configuration. 

Definition 4.6 For 5 and ( positive, for two integers p\ < p 2 define 

5X {\p u p 2 ]) = {V S ' C W = 0, W € \pi,p 2 }} (4-14) 

and for fj G { — 1, +1} 7 

TZ 6 ^ (fj, \PUP2}) = {v 5X (t) = V, W G [pi.pa]}. (4.15) 

The first set O 5 ^ ([p\,p 2 ]) contains configurations for which the block spin variable, see (2.26), is ( far 
from the equilibrium values. The second set 1Z 5 ^(fj, \p\,p 2 ]) contains configurations for which the block spin 
variable is £ close to the equilibrium value mp when fj = 1 or Trap when fj = — 1. 

Using a simple modification of the rather involved proof of Theorem 7.4 in [16] one gets the following. 
Proposition 4.7 Take the parameters as in Subsection 2.5. Let fii \ fi 3 be the probability subset with Q\ 
in Theorem 2.3 and defined in (4-3). There exist 70 = 7o(/3, 6) and Co such that for all to G fii, for all 
fj G {-1,+1}, for all £ Q G IN, for all 5, C, Cs ™^ I > S > S* > 0, and any Co > C > C5 > 87/(5* 7 /or aii 
[pi,P2] C [pi,p 2 ] C [<?i, q 2 ] with p 1 - p x > £0, P2 ~ P2 > to, we have 

(<p«,<(-i unn^n- -nW {fe-^)(^^ 3 - 48 ( 1 + 9 )^)- 2 ^ < ^ (,,Co,2fo -«"^} 
fi(3,e, 7 {K^(vAPi,P2})r\0 Q ^([p 1 ,p 2 }))<e I J. 

(4.16) 

Here a((3, 6, Co) is a strictly positive constant for all {(3,6) G £, k((3,6) is the same as in (2.22). Moreover 

z °£m ( n5X ^ n Oo^dPuP*])) , 

sup 00 — - (4-17) 

[pi,P2]c[- 7 -p, 7 -p] Z \p uP2 ] (K 'Hv, \puP2})) 
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satisfies the same estimates as (4-16). 



Remark 4.8 . The terms with in the right hand side of (4.16) comes from the rough estimates 

see Lemma 3.4. The fact that a(/3, 0, Co) > is a consequence of (2.21). The term k(/3, #)£(f comes from 
estimating the contribution of (2.22) for spin configuration in Oq'^ 5 ([pi,p 2 ]). 

We have the following. 

Lemma 4.9 (reduction to finite volume) Under the same hypothesis of Proposition 4-2 and on the 

probability space tlx \ O3, for ( 5 that satisfies 



SCI > 384(1 + + 9) W-Llog-, (4.18) 

we have 

^(^^W) > e-f (l - 2X(Q)e^^ _ 2 e" W a « ) x 

^'"-i^+H^.^lM.^^^i ~ 1) = ^1 - l,m*), V s -<'(v 2 + 1) = ^2 + l,m*)) (4-19) 
^f-i^+i] (^ 1>ra] ( m *)^ 5 ' C5 (^i ~ 1) - »?(«! - l,m*),^C5( U2 + 1) = ^ + l, m *)) 

and 

^(V^rn)) < 2e-H^^} +e ^n x 



z 

t, 2<n^y + 1 <f2+il + l 



where L\ satisfies L\ + £ < p/-f and 



(4.20) 



log^/7) U2U 

io - w (4 - 21) 



Proof: Recalling (4.13) and (4.1), for ui e fii \ O3 see (4.3), one has 

77(£,m) = r7(£,m*)^0 for £ e [«i - -, «i + -] U [v 2 - -, v 2 + -]. (4.22) 

7 7 7 7 

Therefore the spin configurations in V^ qi q ^ (m) satisfy 

r/ 5 ' c (£)(a) = v (l,m) = r/(f,m*) = »?(vi,m*) ^ 0; W e [«i - -, «i + -] 

7 7 

and t/< c (*)(<t) = m) = n{£, m*) = n{v 2l m*) 7^ 0; W G [v 2 — —,v 2 + —]. 

7 7 



(4.23) 



We start proving the lower bound (4.19). Within the proof we present a fundamental procedure, the cutting 
which allows us to estimate the infinite volume Gibbs measure with finite volume quantities. This procedure 
will be constantly used in the following. We explain here in details, referring to it when needed. 
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The lower bound 

We just impose extra constraints at v\ — 1 and v 2 + 1, that is 



{P P [qi , q2] M) > VP-en {P[ qi M {m), ^ Cs (vi - 1) = - 1, m*), («a + 1) = n(v 2 + 1, m*)) . (4.24) 

As mentioned in Section 2.1 there is an unique infinite volume Gibbs measure that can be obtained as the 
weak limit of finite volume Gibbs measure with boundary conditions. So to estimate the infinite volume 
Gibbs measure in (4.24) we start considering the Gibbs measure in a volume [—a, a] with a > big enough 
so that [91,(72] C [—a, a]. We write 

Z i-a,a]( r L^^ SX5 ^ - 1) = - l,m*),V S ' b (v2 + 1) = ^2 + W)) 

[-a, a] 

The goal is to estimate (4.25) uniformly with respect to a. This will be achieved by cutting at v\ — 1 and 
U2 + 1) which we explain now. Divide the interval [—a, a] in three pieces [— a, v\ — 2]\v\ — l,v 2 + 1], and 
[v 2 + 2, a]. Then, associate the interaction between the first and the second interval to the first interval, and 
the one between the second and the third to the third interval. Use (3.14) with I = [vi — 2,vi] to make the 
block spin transformation there, this will give an error term (525* /j. Use rj S '^(vi — 1) 7^ to get that for all 
configurations a 

I^KJ^-i)^)^-!,^)) - ^mfJ^a^.^W.T 1 "''^" 1 -^^^^^^^! < Cs (4.26) 

for a' such that rf s '^ b (vi — l)(o'{, )1 _ 1 w )) = »7*'^ 5 (vi — 1) where mjg is defined after (3.39). Therefore one sees 
that up to an error e ± ^ 2S + ^ we can replace in (4.25) the a, a' interaction between [—a, v\ — 2] and [v\ — 1, a] 

1 — 77(^1— l,m) 

by an interaction between a and a constant profile T 2 m * ^ m _ lm y Making similar computations 
in the intervals [v 2 , v 2 + 1), [v 2 + 2, a) and recalling (3.39), one gets 

Z [-a,a]{ V L^ m ^ ^ C5(Wl ~ 1} = it? 1 - 1>™*W'HV2 + 1) = »?(«2 + 1, ™*)) 



e ^0,0 Z [-a,t, 1 -2] \ f [ qi , Vl -2]K m Z [« 2 +2,a] [v 2 +2,q 2 ] l TO X 

[—a, a] 

x Z fe -i,, 2 +i](^ 1>ra ]( m )' ^ C5 ("i - !) = ^ - i'™*)' + 1) = »7(«2 + l,m*)). 



In the first term on the right hand side of (4.27), using (4.1), one has „ 1 _ 2 ]( m *) = "P[ qi Vl ~2] ( TO ) an< ^ 
■pf i o i(™*) = "Pf i o i(™)- Furthermore the boundary condition Z? ,m „,(•) is written in term of m* , 



?P f™*A _ "T>P 

(1 -2]U 18 WI 

but since on V\ — 1 we have r)(v\ — l,m) = 77(^1 — 1,ti*) we could have also written Z^ m _ 2 ^ (•). Similar 
considerations hold for the partition function in [u 2 + 2, a]. The above procedure which allows to factorize 
the partition function up to some minor error, see (4.27), will be denoted cutting at v\ — 1 and v 2 + 1. 



Remark 4.10 . To perform a cutting at some point I and to get an error term e ± ~^ 2S one needs to 
have r] s '^ 5 (£) 7^ at this point. Trying to cut at a point I where rf^{l) = gives an error term e~^- 25 +1 ' 
that will definitively ruin all future estimates. Trying to cut at a point I where rf^{t) ^ gives an error 
term e~^ 2S +< '\ Since we are not imposing that £ goes to zero, this will also ruin all the future estimates. 
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Multiplying and dividing (4.27) by 

^-i^+ilfe^K)' ^(vi " J ) = ^ X ' m *)' + X ) = ^ 2 + 1 ' m *)) ( 4 - 28 ) 

and then regrouping, one gets 

Z [-a,a] (^.BlM'^^l - !) = - l,"**),^"^ + 1) = »?(«2 + 1,™*)) 



— a, a 



> 



[—a, a] 

xzr 



(4.29) 



Si-Lw+i]^,^]^*)'^ 5 ^! - 1) = *?(«! - l,m*),f,««(«2 + 1) = r?( V2 + l,m*))> 

^'"-i^+i] (gw^ ^ Cs (^ - x ) = - ^ Cs (^ + !) = ^ + 

^f-i.w+i] (^i, M ]( m *)> ^' C5 ( Ul " X ) = ^ - 1 > m *)> ^ Cs ( W2 + 1 ) = ^ 2 + 1 » TO *)) ' 

The last term in (4.29) is the main contribution to the lower bound stated in (4.19). So to complete the 
proof we need to estimate from below the remaining terms in (4.29). To achieve this we do the conceptual 
opposite procedure of cutting. Namely we glue the first three partitions function in the right hand side of 
(4.29) at v\ — 1 and v 2 + 1, applying again (4.26). That is 



X — Z K^ <£,.] ( V U^)) >< 

-a, a] 

x Z^_ hV2+1] (v^ V2] (m*), V S ' C5 (vi 1) = V(vi l,m*), C >2 + 1) = + l,m*)) 



[—a, a 



(4.30) 

> e -f(2<5+ 4 n x 

^~ Z [-a,a] ( V Li2]( m *^ »? tf,C5 («i - 1) = - !,"»*), ^"fa + 1) = »/(«2 + l,m*)) . 

[-a, a] 

By definition (2.33) and assumption, sec (4.22), when a e V[ qi 92] (m*) ^(ui - 1, a) 7^ and rj s ^ (v 2 + l, a) ^ 
0, then 

P £i ^ m *) = (K ^ m *^ ^(Vl 1) = 0,7^(«2 + 1) = 0) U 

(4.31) 

( P f 9l , 92 ]( m *)' ^ C5 ( y i - !) = Vivi ~ l,m*),r] 5 ^(v 2 + 1) = t?(« 2 + l,m*)) . 

Therefore taking the limit when a | 00 in the right hand side of (4.30), using Theorem 2.3 and Proposition 
4.7 with £ = pf^fr) , P2-Pi = 1, - Pi > 2^o one gets 



lim ^—^^(^^(m*), r? 5 ' Cs (ui - 1) = r?^ - l.m*),^^ + 1) = + l,m*)) 



v [— a, a 



> 1 - A"(Q)e ^ ocv-io - 2e 



(4.32) 



where iT(Q) is given in (2.35). Collecting (4.27), (4.29), and (4.30), using (4.18) one gets 

Z K-i, 2+ i]K^]( ffl )' - X ) = ^ - ^"' C5 ^ 2 + !) = ^ 2 + (4 ' 33) 

(^[v llBa ]( m *). ^ ,C6 («i - !) = - !.»»*). »? 4,Cb («2 + 1) = ^2 + l,m*)) 
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which is (4.19). 

The upper bound In the proof of the lower bound we could cut making an error proportional to £5 by 
simply restricting to those configurations having magnetization close to the equilibrium values with accuracy 
(6,(5) in the chosen [£,£+ 1) block . In the upper bound obviously this procedure cannot be applied. We 
need to find a block where the spin configurations have magnetization close to the equilibrium values with 
accuracy (5, £5). This makes notations more cumbersome. To facilitate the reading, we use indexes with a ' 
to denote the points £ where r] S ' < ' 5 (£) 7^ 0. We search these points within the intervals [v\ — L\ — l,v\ — 1] 
and [v2 — l,i>2 + Li + 1] where L\ is an integer which will be suitable chosen. ^From (4.23) we have that 
7] 5 ^(£)(a) = ri{£,m*) = r?(wi,m*) 7^ for I G \v x -L x -\,v x - 1] and rf^{l){a) = ri{£,m*) = r](v 2 ,m*) ^ 
£ € [v2 — 1,V2 + Li + 1], provided L\ < £. Then we apply Proposition 4.7 in both the intervals, taking £ 
as in (4.21) and setting 

pi = vi - Li - £0, P2 = vi+ £ , 
p 1 =vi-L 1 -l, p2 = vx 

for some L\ such that < L\ + £ < p/7 to be chosen later. We have p2 — pi = L\ + 1 and 

M/3,0,7 [ n (V, \Pi,P2\) n O '^ ([p 1 ,P2})J < e L J 

f r «Q9,9) c r 3l 



(4.34) 



(4.35) 



At the last step, we have used (4.18). We do similarly in the interval [v2,v 2 + Li + 1] . We apply Proposition 
4.7 setting 

P3=V2~£o, P4 = v 2 + L 1 +£ 

(4.36) 

P3 = V2, Pi = V 2 + L\ + 1, 

then one gets that fj,/3^^(TZ s ^(p, [^3,^4]) fl Oq ^ ([P3,P4])) satisfies the same estimate as in (4.35). Therefore 
one has the basic estimate 

^(V P [qiM (m)) < msn(V P [qim] (m) n (0« 5 ([p 1 ,p 2 ])) c n (<^ Cs (\p 3 ,Pi))Y) + 2e~H L ^^} . (4.37) 

In the set {V[ qi q2 ]( m ) ^ (^0 ^ ([Pi > P2DY H (Oq ([P3 , Pi])Y) there exists at least one block variable indexed 
by n' with pi < n' < p2 such that rj S '^{n' Q ) — rj(n' ,m*) and one block variable indexed by n'^ +1 , p$ < 
n 'fj + i < Pi where rj 6 ^ 5 (n'^ +1 ) — rj(n'^ +1 ,m*). These are the blocks where we will cut. Consider the Gibbs 
measure in a volume [—a, a] with a > large enough so that [gi, 52] C [—a, a]. We have the simple estimate 



z i-°aM( r L^ n (Oo' C5 (b-i,P 2 ])) c n (Og' & (fe,ft]))' 



0,0 



< 



-a, a 



P3<n'jv +1 <P4 



(4.38) 



Consider now a generic term in the sum in the right hand side of (4.38). Recalling (4.27) and cutting at n' 
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and n'ft +v in the numerator we get 



< e f (2C5+4<5*)_ 



^0,0 — " ^0,0 

[— o,+a] [—a, a] 



(4.39) 

see (3.39) to recall notations. Multiplying and dividing by 

*K,n'- ]fe,„, ]("»*) ,r?^K) = »?K,m*),^(n^ +1 ) = »?(n^ +1 ,m*)) 

LU'i\f + l J \ Ll ' iV+l J / 

one gets, after regrouping the terms 



[—a.a\ 



<e f(2C5+4r )x 



^Wjfex^J^)' ^ ,Cb K) = »?K."»*).^ C5 (nWi) = *?Kv+i' m *)) X 

l-a,n' -l]\ [ qi ,n' -l]\ >> 

z?>° , 

[— a,aj 

(4.40) 

Now, glueing at n' and n'^ v as in (4.30), uniformly with respect to a, we have 



:.n>-l](^,ni-l](m')) 
— a,a\ 



( P K«WJ (m,) ' ^ 6 W) = ) ?( )l > , )'^ fo ( fl Wi) - ^"Wi'™*)) x (4-41) 



[-a, a] 

From (4.40) and (4.41) we get 

— a, a 



< e f(4C5+86*) x 



Z K4 +1 ]( ? [«>Wi] (m,) ' ^K)=»?K,m*), *?««(n^ +1 )=T7(n^ +1 ,m*)) 



(4.42) 
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Collecting (4.38) and (4.42), one get (4.20). This ends the proof of the lemma. ■ 



The configurations in V^ vi V2 ](m) and V^ m v ^(m*) are long runs of n s ^(£) ^ followed by phase changes 
in the intervals [aj,6j), for i = 1,...N, sec (4.12). So to estimate the ratio of the partition function in 
(4.19) and (4.20), it is convenient to separate the contribution given by those intervals in which the spin 
configurations undergo to a phase change, i.e in which the block spin variables are r] S ^(£) = 0, from those 
intervals in which the block spin variables are n S '^(£) ^ 0. This can be achieved cutting at suitable points 
the partition function. We require these points to be such that n 5 ^ 5 {£) ^ to obtain error terms which are 
negligible. We start proving an upper bound for (4.20). To facilitate the reading, as before, we use indexes 
with ' and " to denote the points £ where n 6 ^ 5 {£) ^ 0. Denote a generic term in (4.20) by 



[n„,n' 



j (Pk,^ +1 ]H> V 5X5 (n' ) = V(n' ,m*), r?^(r^ +1 ) = T/(n^ +1 ,m*) 



(4.43) 



We have the following: 

Lemma 4.11 Under the same hypothesis of Proposition 4-2, on the probability space fix \ (O3 U ^4), and 
for C5 as in (4-18), we have 







'-N 



x e 



4Cs+8<5*+7 log ^+ 7 logii + 



20V (13,0) 
(g(5 . /7)) l/4(2 + a) 



+ 7V 2 e^ los ^ef( 8r+4 «e-f Ll ^^. 



(4.44) 



Proof: Recalling(2.33), and (4.12), one sees that in each interval [a,,^], there is a single phase change on 
a length R 2 for to or to*. There are three possible cases: 
Case 1 [a»,6i] G C 7 (u) and [aj,6j] € B 7 (u*). Therefore 



r)(ai,m) = -r)(bi,m) ^ 
r)(a,i,m*) = T}(bi,m*) ^ 0. 



(4.45) 



Case 2 [aj,frj] € B 7 («) and [aj,bi] € C 7 (u*). Therefore 



r)(ai,m) = i](b t ,m) ^ 
r](ai,m*) = -r)(bi,m*) ^ 0. 



(4.46) 



Case 3 [a^fe^] G C 7 (u) and [c^,^] G C 7 (u*). Therefore 



jy(ai,m) = -r](bi,m) ^ 
rj(ai,m*) = -r)(bi,m*) ^ 0. 



(4.47) 



In the first two cases there exists an unique G [dj, see (4.13), so that, in the the case 1, |-Dm(o;,))| > 
and in the case 2, \Drh*(xi)\ > 0. In the case 3, both to and to* have one jump in [aj,6j]. Recalling (4.15) 
and Definition 2.1 we denote 

Wi(£i,m) = Wi([£i - R 2 ,£i + R2],R2,0 n {^' C (4 - R2) = m), r? 5 ' c (^ + ifc) = ^(ftj.m)}, (4.48) 
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the set of configurations undergoing to a phase change induced by m in ft — R 2l £i + R 2 }- We denote in the 
cases 1 and 3 

V[ ai M (m,ti,i) = K 6 ^ (rjiai , m), [o< , U - R 2 - 1] ) n Wi (h , m) n 7^< c , m), ft + fl 2 + 1, h] ) (4.49) 
and in the case 2 

(4.50) 

n^{r,{a u m), [a u - R 2 - 1]) n ft^Maj.m), ft - i? 2 , 4 + i? 2 ]) n U s ^(v(K ro), ft + i? 2 + 1 , 6,]). 

The set V? b , (m, £j, z) denotes the spin configurations which, in the case f and 3, have a jump in the interval 
[a.j,6j], starting after the point £{ — R 2 and ending before £{ + R 2 and close to different equilibrium values 
in [a,i, hi] \ ft — R 2 ,£i + R 2 \- In the case 2, it denotes the spin configurations which are in all [a,, bi] close to 
one equilibrium value, namely they do not have jumps. The £i in this last case is written for future use. We 
use for both m and m* the notation (4.49) and (4.50). In the case 3 both m and to* have a jump in [en, bi]. 
Obviously we have 

^e[oi+fl 2 +i,6i--R2-i] 

To get an upper bound for (4.43), we use the subadditivity of the numerator in (4.43) to treat the U in (4.51) 
obtaining a sum over fj£ [a, + R 2 + 1 , bi — R 2 — 1] . For the denominator we obtain an upper bound simply 
restricting to the subset of configurations which is suitable for us, namely 

To short notation, let £ c [a, b] = {ft e [en + R 2 + 1, h - R 2 - 1], Vi, 1 < i < N} and set 
A(m,£) = (pf„, nWi] (m) nf =1 V p [aiM] {m,£i,i), rf'HO = v(n' ,m*), ^Kv+i) = v(n% +1 ,m*)), (4.53) 

Therefore, recalling (4.43), we can write 

2K,«Wi)< E Z{n' a ,n' s+l ,t). (4.55) 

|C[o,6] 

The number of terms in the sum in (4.55) does not exceed n^i(^j — a i) — exp(iV \og(p/-f)). For future use, 
when B is an event let us define 



Z(n' ,n'^ +1 ,£) ee I ' ^- (4.54) 



2W,^„P) = °'n V. ^ (4-56) 



For £o defined in (4.21), for the very same L\ to be chosen later and (5 that satisfies (4.18) , let us denote 
R 2 = R 2 + £-0 an d define 

V{m,£) = 

Ui<«<w (K*'Hv{ti ~ R2,m), ft -R 2 -L 1 - 2£ , £ t -R 2 ])n O s ^ (ft - R 2 - L u ^ - R 2 ])) U (4.57) 
Ui<i<jv (K sx (v(^ + R2, ro), ft + R 2 , £i + R 2 + 2£ a + L t ]) n G^ Cs (ft + #2,4 + R 2 + Li])) • 
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The T>(m,£) is the set of configurations which are simultaneously £ close and (5 distant, (recall ( > £5), from 
the equilibrium values in the interval — R2 — L\ — 2£q, £i — R2] U [£i + R2, £i + R2 + L\] where £i are chosen 
as in (4.52). Recalling (4.56) and Proposition 4.7 one gets 

]T ZK,^,,!;^™,!))^^ 108 ^^ 8 ^ 4 ^-?^^. (4.58) 

|C[o,6] 

To get (4.58) one cuts at the points £ t + R 2 and £ { + R 2 + 2£ a + L x for the set TZ 5X (r](£i + R 2 , m), % + R 2 ,£i + 
R 2 + 2£ + L 1 ])n O SXs {[£i +R 2 ,£i + R 2 + Li\), and at the points £ t -R 2 -L x - 2£ and £ t - R 2 for the set 
n 5 ^{r]{li- R 2 ,m), [£i-R 2 -Li - 2£ , £ % - R 2 \) n O s ^([£i - R 2 ~ L u £ { - R 2 ]). Notice that we cut at points 
j^',C ^ and each time we make the error e~ < - 2l ' +4(5 \ This is the only place where making an error so large 
does not cause a problem. Namely we can choose Li suitable in (4.58) so that Lx^f-dQ > {86* + 4Q. 
Furthermore denote 

B(L) = ^i<i<N (O s ^([£ t -R 2 -L x ,£i- R 2 ])) c n (O s ^ ([£ t +R 2 ,£i + R 2 + L^f . (4.59) 
Since for each £, A(m,£) n V(m,£) c C A{m,£) n B(£) we are left to estimate 

£ Z(n' Q ,n' N+1 ,£_;B(£)). 

|C[o,6] 

On each .4(to, f) n (O s ^([£i - R 2 - Li, £ { - R 2 ])) c , 1 < i < N, there exists at least one block, say [n-,n- + l) 
contained in — R 2 — Li , ^ — R 2 ) with 77 ,5 ' < » 5 (nQ = 77(0^ , to) . Making the same on the right of £i and indexing 
n'l the corresponding block where 77 '^(nf) = 77(6^ , m), one gets 

]T zK,nk + i.&s$)< 

£C[a,6] 

Y, E ^(n^n^^^n^^^K)^^^^),^^)^^^^)}). 

IC[a,6] n' C [|- fl 2 -i i^-^] 
n"c[e+R 2 ,i+R 2 + L 1 ] 



(4.60) 



The number of terms in the second sum of (4.60) does not exceed exp(27V(log Li)). Consider now a generic 
term in (4.60), 

Z (n' ,n' R+11 £; n^^iv^ 5 (nj) = r?(a i; m), = 77(6,, m)}) . (4.61) 

Recalling (4.56), we cut the numerator of the partition function, as in (4.39), at the points nf and n" to get 
an upper bound. Each time we cut we get the error term e~^ 2S +< * 5 \ In the denominator, see (4.54), restrict 
the configurations to be in 

^(m^rWjv K' C5 «) =v(ai,m*),V S ' C5 «) = v(h,m*)} (4.62) 

and then cut at all the points n' and n". In this way we obtain an upper bound for (4.61). We use notation 
(4.49) (case 1 and 3) and (4.50) (case 2) after cutting at and n". Note that 77(71^ + 1) = 77(0^,777) and 
77(77" — 1) = r/(bi, to) therefore we have in the case 1 and 3, see (4.49), 

'^[n' + l.r l "-l]( TO '^' Z ) = 

' (4.63) 

(77K , m) , [n'i + 1 , £i - r 2 - 1] ) n Wi [ti , m) n n s * {v{h , to) , % + r 2 + 1 , < - 1] ) , 
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in the case 2, see (4.50), 

K'+i n»-n ( m ' £ " z ) = K 5X {v(ai, m), K + Mi - ifc - l])n 
1 4 ' 4 (4.64) 

ft«07(ai,m), ft - R 2 ,£i + R2}) n K* x {v{bi, ro), ft + ifc + 1, < - 1]). 

For the remaining parts corresponding to runs between two phase changes, i.e the intervals [n",n^ +1 ], 
n" e [di,bi\ an d € [a»+i> h+i], for i e {1, . . . , N}, we denote 

^K, n 1+1 ]KC5) = H s *(v(bi,m), K + 1.4 - 1]) n {^ 5 (<) = ^ fo (^ +1 ) = .7(6,, m)}. (4.65) 
Similarly in the intervals [n^n'^, and [n'j^,n'^ +1 ], recalling (4.22) and (4.23), we have 

^kxjKCs) = n s '<{ v {v u m), KXD n {r^ 5 K) = ^K) = ^fa,™)} 

= 7, K,«' 1 ]( m *'C5), 

^."WJ^'^) = H s <Hv(v2,m), [n%,n' N+1 ]) n {r^«) = V SX5 (n' R+1 ) = r,{v 2 ,m)} 

1 W JV + 1 J 

As a result we have 

2 K, n i<i<Jv{»? 5 ' C5 «) = »?(ffli, m), r? 5 ' f5 «) = ^(6i, m)}) < 



e +N^ (4C5+85*) 



Z?'? (v? , n (m,C 5 ) 



N-l 

n 



V^j+w-i] (^„ i+ i,»»-i]("»*.'i.<)) fe,„; +l] (™*>c 5 )) 



(4.66) 



(4.67) 



z £ffi,n?-i] (P[n;+i,n?-i]( m '4'*)) Z K',»- +1 ] fe^ + i]^'^^) \ (4.68) 



Remark 4.12 . Note that the boundary conditions of restricted partition functions as 

Z [n[ + l,n'/-l] (^"[nj+l.nj'-l] ( TO ' ^' *)) 

in (4.68) are related on the left to r](ai,m) and on the right to 77(64,771), see (4.63) and (4.64). 

Now the goal is to estimate separately all the ratios in the right hand side of (4.68). It follows from (4.22), 
(4.66), and (4.67) that 
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The remaining ratios are estimated in Lemma 4.13, Corollary 4.14 and Lemma 4.15 given below. 



Collecting We insert the results of Lemma 4.13, Corollary 4.14 and Lemma 4.15 in (4.68). To write in a 
unifying way the contributions of the jumps we note that for (4.84) 



T * = ~^ E l^ s )l=-^7 E (\Drh(s)\-\Dm*(s)\) 



a,i<s<bi 



2m,(j 



(4.69) 



(Li<S<bi 



since in the case 1, see (4.45), ^ a . <a<6 . \Drh*(s)\ = 0. For (4.85) 



= E \ D ™*^\=-i- E (\Dm(s)\-\Dm*(s)\) 



Imp 



ai<s<bi 



2)71/3 



(4.70) 



ai<s<bi 



since in the case 2, see (4.46), E a <s<6- \Drh(s)\ = 0. Moreover, since neither rh nor m* have jump in 
[bi + l,a i+ i] for i £ {1, . . . ,N}, in [vi,a\ — 1], and in [bfj + 1,^2], one gets simply 

N 

jj e -f ^E. 4 <.< ti [i D *wi-i D *'wi] = e -f ^E_,< r <Ji M wi-i M ;wi]. (4J1) 



Using (4.78), the random terms give a contribution 



y-vJV "( r i)-" T ( r i) 



X(") 



>£[ri,f i+ i) • 

It remains to collect the error terms, see (4.58), (4.60), (4.68), (4.78), and Lemma 4.15. Denote 

P , , r , 2OF(/3,0) , ono/n , „ , r . [Y 



£i=N 



and 



4 = 



4C 5 + 86* + 7 log £ + 7 log L X + ^-p^ + 32^ + £0 + £1) ^ 

7 u(rj) - u*(rj) 



= 22- log TV + 2# log t + 86* +4(- L.^^-SCl > 



2rh/3 



[\Du(r)\-\Du;(r)\]-J2' 



-L<r<L 



2mp 



a: ea6[r»,ri+i) 



We have proved 



(4.72) 

(4.73) 
(4.74) 

(4.75) 
(4.76) 



that entails (4.44). ■ 

Next we state the lemmas used for estimating the different ratios in (4.68). 

Lemma 4.13 Under the same hypothesis of Proposition 4. 2 and on the probability space fli \ CI3, for all 
1 < i < N — 1, for all n" , n-, we have 



'1 when r](bi,m) = r](bi,m*); 



+ 13 



g 7 4c 2 ((3,e)g(5*/^) g p 

when r](bi, m) = — 77(61, ra*), 
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£«:««e,[»;'+i,»; +1 -i]*( a > 



(4.77) 



where in the last term we have an upper bound for ± = + and a lower bound for ± = — 



Proof: When rj{bi,m) = rj{bi,m*) (4.77) is immediate, see definition (4.65). When r](bi,m) = —n(bi,m*) 
the estimate is a direct consequence of Lemma 4.19. ■ 



The r.h.s of (4.77) gives when r)(bi,m) = —r/(bi,m*) a term which should give the second sum in the right 
hand side of (4.11). However in (4.77) one has £a:eae7W+i,n; +1 -i] *(<*) instead of £ a: eae[r . ir . +l) in 
(4.11). To obtain the term in (4.11) we add the missed random field to reconstruct S a - € ae[r» n+i) x( a )- We 
therefore need to subtract the same term we added as a result one has 



Corollary 4.14 Under the same hypothesis of Proposition 4-2 and on the probability space fii \ (Q3 Uf^), 
with 2P(fi 4 ) < e -( 1 °s9(' 5 */7))(i- loglog! J ( ,. /7) )^ or alll<i<N-l, for alln'^n^, when r){b u m) = -n(b t ,m*) 
we have 



/4<2 + a) „T 



E„:e ae[n ,, i+1 )*W 



(4.78) 



where we have an upper bound for ± = + and a lower bound for ± = — . 
Proof: Recalling that 72^ = r i; see (4.13), we need to estimate 

JC{i,n'{,n' i+1 ) = ^ x(a) + ^ x(a) 

a: taej[xi,n'/] a: ect£j[n' i+1 ,x i+ i] 



(4.79) 



uniformly with respect to 1 < i < N, a;,, n",n' i+1 . It is enough to estimate 



max max max 

l<i<N %i !<£<Li+p7- 1 



a:eaG , j[xi,£-\-Xi 



x(«) 



(4.80) 



However since the point Xi might be random and depending on x{a), a little care is needed. An upper bound 
for (4.80) is clearly 



JC(Q, L\, p. e) = max max > y(a) 

a :«*o6[-Q,+Q] l<ea< 7 L 1 +p I ^ ^ 

a—a.Q 



Using, Levy inequality, (3.57) and exponential Markov inequality, one has 



(4.81) 



IP 



K(Q, L uP , e) > 2V(J3, 9)^2^ + p) log(^(_)) 



2Q + 1 m 
< - IP 



< ?t — < e 

- ^ S 5 (f ) " 



max I £ X (a) > 2V(/J, 6) J 2(7^ + p) log(.g5(-)) 

l<eo:<7L 1 +p I z — * W 7 

a-Qn V ' 



(4.82) 
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where we have used (2.65) and (2.67) at the last step. Recalling that < L\ + £o < p-f 1 and (2.64), one 
has 

« r* / \V(2+a) / vl/2(2+o) 

2( 7 L 1+ p)log(/(-))<4plog( ff 5 (-))<4^-^J log( 3 5 (-)) < 5 2 . (4.83) 

that entails (4.78) after an easy computation. ■ 

Next we estimate the remaining type of ratio in (4.68). Recall that n\ E \li — R 2 — L\,£% — R 2 ] and 
n" e [£i + R 2 ,£i + R 2 + Lx] with R 2 = R 2 + £ , where £ is defined in (4.34). 

Lemma 4.15 On fii \ f2 3 , choosing the parameters as in Subsection 2.5, for all 1 < i < N, in the case 1, 
we have 



Z [n' i + l,n'/-l] {j > [n[ + l,n>>-l] ( m * ' *)) 

In the case 2, we have 

ym.m ( v p , p 

^[nj+l.nj'-l] V' [nJ + l.nJ'-llV" 4 '**' 



e _£(^- ± 32e( J R 2 +£ +ii)V^). (4.84) 



^[nj + l,n;'-l] (^[nj+l.nj'-l] ( m * ' ^' *)) 

In i/ie case 5, we /lave 

Z[ n {+l,n'/-i\ (^[nj+l.nj'-l] ( TO ' ^' *)) 



e +f(^*±32e(i? 2 +£o+L 1 )^)^ ( 4 _ 85 ) 



e ±f(32S(ii 2 +£o+Li)V?). (4. 86 ) 



Remark 4.16 . Note that here one needs to have L-y^pjP \ 0. 

The proof of (4.84) and (4.85) follows from Lemma 4.18. The (4.86) is a consequence of (4.84) and (4.85). 
Next we estimate from below the r.h.s. of (4.19). 

Lemma 4.17 Under the same hypothesis of Proposition 4-2 and on the probability space fli \ (Q3 U O.4), 
for ( 5 as in (4-18), we have 

■^° t ; i _i :t , 2+ i]('Pf t , 1 ^ 2 ]M,77' 5,C5 («i - 1) = V(vi - l,m*),n 5 '< 5 (v2 + 1) = n{v 2 + l,m*)) 
^f-i^+i]^,^]^*)'^ 6 ^! " 1) = - l,m*),^( % + 1) = 77(^2 + l,m*)) (4.87) 
> ^(^l+e-^)" 1 

where A, £\, and A 2 are defined in (4-75), (4-73), and (4-74) respectively. 

Proof: Obviously one can get the lower bound simply proving an upper bound for the inverse of l.h.s. of 
(4.87), i.e. 

^-i^nfe^]^)- ^'foi - l ) = ^ X > ^' C8 fo + V = ^ + l ' m *)) 

Z lvl-i,v 2+ i]( V lvuv 2 ]( m )> ^(vi - 1) = J7(wi - l,m*), ^.C.(«2 + 1) = ^ 2 + l,m*)) ' 
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Note that rj(vi — 1, m*) = r](vi — 1, m) and rj(v2 + 1, m*) — T](v2 + 1, m) and in the proof of the upper bound, 
see Lemma 4.11, we never used that m* in the denominator is the one given in Theorem 2.3. Then (4.88) is 
equal to 

ti^+ilKwlK)' - X ) = * - 1 ' m )' ^' C5 ( U2 + X ) = ^ 2 + X ' m )) 
7 \~~ • (4.89) 

^ C5 ( U1 " J ) = - 1 ' m )> ^ ,Cs ^ 2 + J ) = + 

Then by Lemma 4.11 we obtain (4.87). ■ 



Proof of Proposition 4.2 To prove (4.11), we use Lemma 4.9, then Lemma 4.17 to get a lower bound 
and Lemma 4.11 and Corollary 4.14 to get an upper bound. For the lower bound we get applying (4.19) and 
(4.87) 



For the upper bound we get 



e~* e~< + e t" 



. (4.90) 



Mfi^K^™)) < e~- A e + -^ + 2e"> (4.91) 

where „4 2 is defined in (4.74). To get (4.11) from (4.91), one needs A2 > A, this will be a consequence of an 
upper bound on A and a lower bound on Ai- We start estimating the terms of A. We easily obtain 



Amp 



E [PMOIIiHI^SWIli] <^[N { _ LM {u) + N { _ QtQ] {u*)\ 



(4.92) 



-L<r<L 



We use that 7V[_q qj(u*) < K(Q), see (5.91), where K(Q) is given in (2.35). If L is finite for all 7, then 
N[-l,l]{ u ) is bounded since u € £?V/ oc . When L diverges as Q when 7 J, from the assumption (4.10) we 
have that 

< N { _ LM (u) + iV[_ QiQ] («;) < [/(Q) + l]tf(Q) (4.93) 



where we set 

/(Q) = e (sT^- h )( l °sQ)(^SlogQ)^ 

The second term of A can be estimated as 



(4.94) 



u(rj) - u*(rj) 



i=i 



2mp 



E 

a: ea£[ri,ri + i) 



< iV max 



max 



{ _S< QO <£ }{ao < a <S } 



E 



< 2N max 

{-^<a<^} 



(4.95) 



E *(«) • 

Q 

x=— — 

e 

To estimate the last term in (4.95), we use Levy inequality, (3.57) and exponential Markov inequality to get 



IP 



max 

{-?<a<^} 



E x(«; 



>\/3V(/?,0)W[2Q + l]log( 5 (-))l <4 e - log(9( ^» = ' 



(4.96) 
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Denote Q5 the probability space for which (4.96) holds. Then for oj £ Cl\ \ UU4U fis) and 70 small 
enough, one has 



A < 2[/(Q) + 1]K(Q)V(0, 9) ] j(2Q + 1) log( 5 (^)) < c(/3, 9)f(Q)Q 3 (4.97) 

for some c(/3, 9). The last inequality in (4.97) is obtained from the choice of f(Q) in (4.94), the one of K(Q) 
in (2.35) and the choice of Q in (2.67). Namely, from (2.67) Q 2 g{S*/j) < g 2 {8* / 7 ). Notice that in A 2 , see 
(4.74), L\ enters. We make the following choice of L\ 

( 5* \ 19/2 

Li = (s(-)J • (4.98) 

This choice satisfies the requirement in Proposition 4.9, i.e. L\ < £ see (2.64). Furthermore as in [16] we 
make the choice 

1 1 

Cs = 2™<fi(P,0)9 3 (S*h) (4 '" } 

for some constant c{(3,9). Obviously (4.99) satisfies requirement (4.18) provided £ is chosen according 
(2.62). Since Q = g{8* /^) wkW'H), see (2.67), we have \ogg{5* /1) = (logQ)(loglogs(#77))- Iterating 
this equation, for 70 small enough to have log log log g{S* /j) > 0, one gets 

Iog^/7) = (logQ)(loglogg)(l + to8bgg( 1 ° g / ^ ( ^ g( , V7) ) > dogQ)(loglo g Q ) . (4.100) 
Therefore, recalling (2.63) and using (4.94) one can check that 

Li <^l S( l > c{ ^ 6 )f{Q)Q\ (4.101) 
It is not difficult to check that (4.101) implies 

Ll K (P^ s $ > 2 7 logiV + 77Vlog^ +86* +4(. (4.102) 
Therefore, recalling (4.74), (4.101) entails A2 > A and finally one gets 

W*W"0) < e-^eS* (l + 2e"* . (4.103) 

It remains to check that £1 j 0. Recalling (2.64), one has 7 log(/9/ 7 ) < (g{8* /j))" 1 - Recalling (2.66) one has 
(R2 + 4)Vt7<5* < {gi^/l))^ 1 - Therefore, using (4.100), (4.94) and recalling that < b < 1/(8 + 4a), see 
Proposition 4.2, one has 

£1 < K(Q)(f(Q) + 1)^+32^^+ ^^^^ ] < (g{5* h ))-\ (4.104) 



So one gets the upper bound in (4.11). Recalling (4.90), it is easy to get the corresponding lower bound. ■ 
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Lemma 4.18 For wgfli and choosing the parameters as in Subsection 2.5 we have 



^[£,£+2_R 2 ] ^ [£,£+2fl 2 ] V m /J 

The Lemma is proven in [16], see Lemma 7.3. The random field is estimated as in Lemma 3.3 (the rough 
estimates). The upper bound can be easily obtained since T* is the minimum amount of energy needed to 
go from one phase to the other, see (2.25). More care should be taken to show the lower bound, see formula 
(7.34) of [16]. 

Next we summarize in Lemma 4.19 the estimates needed to prove Lemma 4.13. Let X be the interval that 
gives rise to an elongation. Denote by sign (X) = 1, if X gives rise to a positive elongation, sign (X) = —1 in 
the other case. 

Lemma 4.19 Let fii be the probability space of Theorem 2.3, let X C Aq be an interval that gives rise to 
an elongation. Then for any interval I C 7 _1 X we have 

ZT (v 5Xl (e) - - sign (X), We I) _ e -sign ( x)f ^ aee _ l7/X (q) gff (^ Cl (*) = - sign (X), W € I) 
Z j'° (ij«.Ci (£) = sign (X) , W e I) E Z*'l ( V s Xi (£) = sign (X) , W e J) 

(4.106) 

On fii, £fte Zasi raizo satisfies: For all I C 7 _1 X C 7^ 1 [— Q, +Q] 



Z / ; °(^ 1 W = -sign(J),V^e7) 

log' 



4'o (t?^W= sign(J),V^e/) 



<- (4 107) 

" 7 4c 2 (/3,%(^/ 7 ) 1 J 



where g is the function given in Subsection 2.5 and c(/3,6) is some positive constant that depends only on 
13,9. 

The proof has been done in [16], see the proofs of Lemma 6.3 and of Proposition 4.8 there. It consists 
essentially in extracting the leading stochastic part and estimating the remaining term by using a classical 
deviation inequality for Lipschitz functions of Bernoulli random variables. The corresponding Lipschitz 
norms are estimated using the cluster expansion. The proof is however long and tedious. 



5 Probability estimates and Proof of Theorem 2.5 

In this section we prove the probability estimates needed for proving the main results stated in Section 
2. The proof of Theorem 2.5 is given after Lemma 5.10. This section is rather long and we divided into 
several subsections. In the first by using a simple and direct application of the Donsker invariance principle 
in the Skorohod space, we prove that the main random contribution identified in (3.42) suitably rescaled, 
converges in law to a bilateral Brownian process (BBM), see (5.7). 

In the second subsection we recall the construction done by Neveu-Pitman, [32], to determine the h- 
extrema for a bilateral Brownian motion and then we adapt it to the random walk corresponding to the 
previous random contribution. In Subsection 5.3 we state definitions and main properties of the maximal 
^-elongations with excess / introduced in [16]. In Subsection 5.4, which is the most involved, wc identify 
them with the /i-extrema of Neveu-Pitman by restricting suitably the probability space we are working on. 
Here b, f , and h are positive constant which will be specified. In the last section we present rough estimates 
on the number of renewals up to time R, needed to prove the Theorem 2.3. 
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5.1. Convergence to a Bilateral Brownian Motion 



Let e = e(-f), lim 7 ^ € {l) = 0, 



> ^, so that each block of length 4j 



contains at least one block A(x) 



(see section 2.2 ) ; to avoid rounding problems it is assumed that g IN, and that the basic initial 

partition A{x): x € Cs*(IR) is a refinement of the present one, see (2.65) for the actual choice of e. Denote 
by {W e (t);t e IR} the following continuous time random walk: 



W e {t) = < 



1 



y/cW,e,-y/6*)fi 

0, -e<t<e; 

1 



(5.1) 



y/c(p,o,-y/6*) 



= y t<-e. 



Here [x] is the integer part of x and x( a ) was defined in (3.55) for all a G -Z?. Definition (5.1) allows to see 
W e (-) as a trajectory in the space of real functions on the line that are right continuous and have left limit, 
i.e in the Skorohod space D(IR,IR) endowed with the Skorohod topology. To define a metric that makes 
it separable and complete, let us denote Ali P the set of strictly increasing Lipschitz continous function A 
mapping M onto M such that 

X(t) X(s) 



sup 

s=tt 



log- 



< OO. 



For v € D(IR, IR) and T > 0, let us define 



v(t A T), if i > 0; 
v(tV(-T)), if i < 0. 



(5.2) 



(5.3) 



Define for v and w in D(IR, IR) 



d(v,w) = inf 

AeA Lip 



V / e- 1 sup(l A Qv 1 (t) - w 1 (A(t))|) dT 
In tem 



(5.4) 



Note that for a given T e R, the quantity \v T (t) - w T (\(t))\ is constant for t > T V A(T) and for t < 
(-T)A(A(-T)), therefore the previous suprcmum over f e 2R is merely over (-T)A(A(-T)) < t < TVA(T). 
See [7] chapter 3 or [20] chapter 3 where the case of D[0, oo) is considered with all the needed details. Let 
us define the bilateral Brownian motion W — (W(t);t G IR) by 



W(t) = W t = 



Bi(t) 



t > o 

t < 0. 



(5.5) 



with (Bi(t), t > 0) and (B2(—t), t < 0) two independent standard Brownian motions. Note that ^[(^(i)) 2 ] = 
|i| for all t e IR, in particular W(0) = 0, and when s < < t, E[(W(t) - W{s)) 2 } = t - s. Since x(a) 
depends on e = £(7), we need the following generalization of the Donsker Invariance Principle that can be 
proved following step by step the proof of Billingsley [7] pg 137. 

Theorem (Invariance Principle) Let t = e(j) > so that 4f > ^7, lim 7 ^ e (7) = 0. Let V e be the 

measure induced by {W e (t),t e IR} on D (M,B(M)) Then as 7 1 0, "P e converges weakly to the Wiener 
measure V , under which the coordinate mapping process W(t), t € IR is a bilateral Brownian motion. 
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Remark: One can wonder about the coherence between the fact that W e (t) = 0, for — e < t < e in (5.1) 
and x(0) ^ 0. However we have x(0) = 7 Ex:5*xeA e/7 (o) x ( x ) 1 { P (x)<(2 J /S'y^}- 

Lemma 5.1 

lim iP[x(0) = 0] = 1 (5.6) 

7— >0 

c 2 

Proof: Using (3.57), one gets immediately for c > 0, ZP[|x(0)| > c] < 2e a^ 2 which implies (5.6), since 
£ = €(7)10. ■ 

The following result is immediate 

Lemma 5.2 Set n = ±1, I = [^, ^] (macro scale), a and b in M. Then, see (3.42), we obtain 

L =V(f3,6){W(b)-W(a)}. (5.7) 



lim 



-rn* v G(m% tI ) 



Proof: Recalling (5.1), for n = ±1 and I — [^, ^] in macroscopic scale with 0<a<6ora<6<0 one gets 
the following 



7 A"0(m£ J ) = -r? 7 ]T *(*) = -r? ^ X (a) = -vy/WAl/**) [w e (b) - W*(a)} . (5.8) 
xec,.(i) a=[f] 

When € [a,6], we get 

7 A^(m^ / ) - -7,^4/3,0,^/6*) [W e (b) - W e (aj\ - r, X (0). (5.9) 
Therefore, using Lemma 5.1 to take care of the x(0) term and (3.54) we obtain (5.7). ■ 

Remark: Note that I = [^, ^] corresponds to 7/ = [a, b] in the Brownian scale, according to the notation 
in Subsection 2.2. The (5.7) is the main reason to have introduced the notion of "Brownian" scale. In this 
scale the main random contribution identified in (3.42) becomes a functional of a bilateral Brownian motion. 

5.2. The Neveu-Pitman construction of the h— extrema for the random walk {TU 6 } 

We shortly recall the Neveu-Pitman construction [32], used to determine the /i-extrema for the bilateral 
Brownian Motion (W t , t € IR) . Realize it as the coordinates of the set f2 of real valued functions u> on M 
which vanishes at the origin. Denote by (0t,t <G IR), the flow of translation : \0 t u>{-) = u>(t + •) — u>(t)] and 
by p the time reversal pu>{t) = u)(—t). For h > 0, the trajectory lu of the BBM admits an ^.-minimum at 
the origin if W t (u) > W (uj) = for t € [-T h (pus) ,T h {u)} where T h (u) = m£[t : t > 0,W t (w) > h], and 
-T h (pu>) = -in£[t > : W- t {u>) > h] = sup[i < 0,W- t {u>) > h). The trajectory uj of the BBM admits an 
/i-minimum (resp. h maximum) at to <E IR if Wo9t (resp. —Wo9 to ) admits an h minimum at 0. 

To define the point process of h extrema for the BBM, Neveu-Pitman consider first the one sided Brownian 
motion (Wt, t > 0, Wq — 0), i.e the part on the right of the origin of the BBM. Denote its running maximum 

by 

M t = ( max(VK s ; < s < t), t > 0) (5.10) 
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and define 

r = min(i ;t>0,M t -W t = h), 

= M T , (5.11) 
a = max(s ; < s < t , W s = 0) . 

The stopping time r is the first time that the Brownian motion achieves a drawdown of size h, see [38,39]. 
Its Laplace transform is given by iE[cxp(— At)] = (cosh(ft,\/2A)) _1 , A > 0. This is consequence of the 
celebrated Levy Theorem [27] which states that (M t — W t ;0 < t < oo) and (|W t |;0 < t < oo) have the 
same law. Therefore r has the same law as the first time a reflected Brownian motion reaches h. The 
Laplace transform of this last one is obtained applying the optional sampling theorem to the martingale 
cosh(\/2A| Wt\) exp(— Xt). Further Neveu and Pitman proved that (0, a) and r — a are independent and give 
the corresponding Laplace transforms. In particular one has 

IE[e- Xa } = (hV^rHsmhihV^X). (5.12) 

Now call To = t, Po — 0, &o = a and define recursively t„, f3 ni a n (n > 1), so that (t„+i — t„, n +i, cr?i+i — t„) 
is the (t, /3, <r)-triplet associated to the Brownian motion ((— l)™ _1 (W rn+t — W Tn ), t>6). By construction, 
for n > 1, (T2n is the time of an /i-maximum and for n > 0, <T2n+i is the time of a /i-minimum. Note that 
since we have considered just the part on the right of the origin, in general <r is not an h maximum. The 
definition only requires Wt < W ao for t G [0,0-0)7 therefore W ao — W ao — Bo could be smaller than h. The 
trajectory of the BBM on the left of the origin will determine whether cto is or is not an /i-maximum. From 
the above mentioned fact that (0, a) and t — <r are independent, it follows that the variables cr„+i — a n for 
n > 1 are independent with Laplace transform (cosh(/i\/2A)) _1 . In this way Neveu and Pitman define a 
renewal process on with a delay distribution, i.e. the one of <7o, that have Laplace transform (5.12). 

Since the times of /i-extrema for the BBM depend only on its increments, these times should form a 
stationary process on IR. The above one side construction does not provide stationary on the positive real 
axis since the delay distribution is not the one of the limiting distribution of the residual life as it should 
be, see [5] Theorem 3.1. In fact the Laplace transform of limiting distribution of the residual life is given by 
(2.50) which is different from (5.12). 

There is a standard way to get a stationary renewal process. Pick up an r > 0, translate the origin to 
— r and repeat for (W t + ro , t > —r ) the above construction. One gets cr (r ) and the sequence of point of 
ft-extrema (cr„(r ),n > 1). Let v{r a ) = inf(n > : £r„(r ) > 0) be the number of renewals up to time 
(starting at —tq). In this way, ov( ro )(ro) is the residual life at "time" zero for the Brownian motion starting 
at — tq. So taking tq f 00, the distribution of cr„(ro)( r o) will converge to the one of the residual life and 
using [5], Theorem 3.1, one gets a stationary renewal process on M + . So conditionally on oi(ro) < 0, define 
S%(ro) = oV(r )+i-i( r o) for all i > 1- Then since the event {cri(r ) < 0} has a probability that goes to 1 as 
r t 0°, °ne gets, as r | 00, a stationary renewal process on M + as well on IR. Since the Laplace transform 
of the inter-arrival time distribution is (cosh(/iv / 2A)) _1 , one gets easily that the Laplace transform of the 
distribution of Si (and also of So) is (2.50). 

With this in mind we start the construction for the random walk {W-^}. Denote 

1 I!l 

v{t) = { v^jwmh (5-i3) 

< t < e 



45 



and JF t + , t > the associated a- algebra. Define the rescaled running maximum for U £ (i), t> 



yfeM{n) = max V e {ke). 

0<k<n 

The yfe multiplying M(n) comes from the observation, see (3.56), that IE (^-^V e (ke) 
h > 0, define the JF t + stopping time 

f (e) = f = min{n > : y/eM(n) - V e (ne) > h}, 
x/eA)(e) = Vi/3 = max{F e (fce) : 1 < k < f } 



and 



By construction 



00(e) = a = max{fc : 1 < k < f ; l /c (fce) = y/efio}- 



V^/Jo = V^M(fo) = max V £ (ke) = V e {a e) > U £ (r e) + h. 

0</c<fo 



(5.14) 
k. For any 

(5.15) 
(5.16) 

(5.17) 

(5.18) 



It follows from the invariance principle and the continuous mapping theorem, Theorem 5.2 of [7], that the 
joint distribution of 

converges as e — > 0, to the joint distribution of the respective quantities defined for a Brownian motion, sec 
(5.11) i.e 

[M t ,T Q ,/3 ,a ] . 

Since fo is a stopping time for (V e (t), t > 0) , the translated and reflected motion (— l)[V £ (eTo + 1) — 
V e (eT n )], for t > 0, is a new random walk independent of (V e (t),0 <t< er ) on which we will iterate the 
previous construction. We have 



fi(e) = fi = min{n > f : max [-~V e (ke)\ + V e (ne) > h} 

To<k<n 

= min{n > f : - min T/ £ (fce) + V e (ne) > h} 

ro<k<n 

= min{n > f : min V e (ke) — V e (ne) < —h} 

TQ<k<n 



y/efaie) = y/ijh = max{(-U £ (fce)) : f < k < n} 
= - min{V e (fce) : f < fc < n} 



(5.19) 



iJi(e) = (Ti = max{fc : f < < n; — U £ (fce) = \/e/3i} 
Now for any i e £V, we can iterate the above procedure to get as Neveu and Pitman the family 

VeM([J]), ef (e), v^A)(c), e*o(e), • ■ • , efi(e), x/eft(e), eo^e) 
Using again the invariance principle and the continuous mapping theorem one gets that 



lim 

efO 



efi(e), y/e$i(e),eai(e),i > 0,i£lN L = w [t;, A, cr t , i > O.igiV], 



(5.20) 
(5.21) 

(5.22) 
(5.23) 
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where the quantity in the right hand side of (5.23) are the ones defined after (5.12). Let us note the following 
properties of the previous points of /i-extrema. By construction the random walk satisfies, in the interval 
[ao,iJi], the following : 

Property (4. A) In the interval [<7o,<7i] we have 

F e (<Tie) - V £ (a Q e) < -h, V £ (ke) - V^k'e) <h W < k e [<x , (5.24) 
V'i^e) < V € (ke) < V £ (a a e) a < k < a x . (5.25) 

The first property in (5.24) is easily obtained. Namely adding and subtracting I^ e (efo) one has 

[V e (e*i) - V*(ct q )] + [T/ £ (ef ) - V e (ea )} < -h 

since [V e (eai) — V e (efo)] < and by construction V e (e&o) — V rc (efo) > h. The other properties are easily 
checked. Properties similar to (5.24) and (5.25) hold in the interval [<72,, 02i+i], for i > 0. Namely by 
construction &2i is a point of ^.-maximum and &2i+i is a point of h- minimum. Further, since by construction 
&2i-i is a point of /i-minimum and &2i is a point of /i-maximum in the interval [d^i-i, &2i], i > 1, we have 
the following: 

Property (4.B) In the interval [a2i-i,&2i], i > 1, we have 

V%a 2l e) - V%a 2l -ie) > h, V e (ke) - V e {k'e) > -h W < k e [a 2i -i, a 2i ], (5.26) 
V € {a 2i -ie) < V e (ke) < V 6 ^) & 2i -i <k< a 2l . (5.27) 



Following the Neveu-Pitman construction, one translates the origin of the random walk {V e } to — r , 
being r positive and large enough and repeats the previous construction. To obtain the /i-extrema as in 
Neveu-Pitman we should let first e — > 0, obtaining by the Donsker invariance principle that 

Kl(-)^V^- + r ) (5.28) 

converges in law to the standard BM translated by — ro, then r<j — > oo. However we cannot proceed in this 
way since to control some probability estimates we need to have e small but different from zero. For the 
moment, the picture to have in mind is merely to take a suitable ro = ^0(7) that diverges when 7 | 0. We 
denote by (cr,(ro) = &i(e,ro),i >l,i£ IN) the points of ft,-extrema for V^ a (-). 



5.3. The maximal b elongations with excess / as denned in [16] 

In this subsection we recall definitions of the maximal elongations from [16]. We extract them from the 
first 5 pages of Section 5 of [16], with different conventions that will be pointed out. This subsection is 
not completely self-contained since an involved probability estimate done in [16], see (5.37) is just recalled. 
However if one accepts it, the rest is self-contained. In [16], formula (5.3) we introduced the following 



^2 X(a), if a > 1; 
ae[o,a] 



y(a) = { 



if a = 0; 

X(a), if a < -1 

a£(a,-l) 



(5.29) 
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Definition 5.3 Given b > f positive real numbers, we say that an interval [0:1,0:2] gives rise to a negative 
b-elongation with excess f , for y(a), o £ 2Z if 

y(a 2 )-y(a 1 )<-b-f; y(y) - y(x) < b - f, \/x < y £ K a 2 ]. (5.30) 

We say that [01,02] gives rise to a positive b-elongation with excess f if 

y(a 2 )-y(a 1 )>b + f; y(y) - y(x) > -b+ f, \/x < y £ [a u a 2 ). (5.31) 

In the first case we say that the sign of the b-elongation with excess f is —; in the second case, +. 

Remark 5.4 . To decide if a given interval [et\, a 2 ] gives rise to a 6-elongation with excess / depends only 
on the variables x(o) with ct\ < a < o 2 , i.e. it is a local procedure. 

To our aim we need to determine the 6-elongations with excess / which are "maximal" , i.e the intervals of 
maximum length which give rise to a positive or negative 6-elongations with excess /. 

Definition 5.5 (The maximal b— elongations with excess /). Given b > f positive real numbers, the 
y{ot), a £ 7Z , have maximal b-elongations with excess f if there exists an increasing sequence {a*,i £ 2Z} 
such that in each of the intervals [o*,o* +1 ] we have either (1) or (2) below: 

(1) In the interval [o*,o* +1 ] (negative maximal elongation): 

y(a* +1 )-y(a*)<-b-f; y(y) - y(x) < b - f, Vx < y £ [a*, o? +1 ]; (5.32) 

y(a* +1 )<y(a)<y(a*), a*<a<a* +1 . (5.33) 

(2) In the interval [o*,o* +1 ] (positive maximal elongation): 

y(a* +1 )-y(a*)>b + f; y(y) - y( x ) > -b + f, \/x < y £ [a*, o? +1 ]; (5.34) 

y(a*)<y(a)<y(a* +1 ), a* < a < a* +1 . (5.35) 

Moreover, if in the interval [o*,o* +1 ] we have (5.32) and (5.33) (resp. (5.34) an d (5.35)) then in the adjacent 
interval [o* +i ,o* +2 ] we have (5.34) an d (5.35) (resp. (5.32) and (5.33)). At last, we make the convention 

o* <Q<a\. (5.36) 



Remark 5.6 . In [16] the convention olj < < Oq was assumed. 

We say that the interval [a* , a* +1 ] gives rise to negative maximal b elongations with excess / in the first case 
and the interval [o*, o* +1 ] gives rise to positive maximal b elongations with excess / in the second case. 

Remark 5.7 . Note that if {a*,i £ 2Z} gives rise to maximal b elongations with excess / > 0, then 
{a*,i £ 2Z} gives rise to maximal b elongations with excess /' with < /' < /. 

The o* are in fact a* = a*(-f,e,b,f,uj). We will write explicitly the dependence on one, some or all the 
parameters only when needed. Since we are considering a random walk and a* are points of local extrema, 
see (5.33) and (5.35), for a given realization of the random walk, various sequences {a*,i £ 25} could have 
the properties listed above. This because a random walk can have locally and globally multiple maximizers 
or minimizers. Almost surely this does not happen for the Brownian motion. In [16], we have chosen to 
take the first minimum time or the first maximum time instead of the last one as in (5.11). In the Brownian 
motion case the last and first maximum (resp. minimum) time are almost surely equal. However we could 
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have taken the last minimum time or the last maximum time without any substantial change. From now 
on, we make this last choice. With this choice and the convention (5.36) the points a* arc unambiguously 
defined. The interval [a^a^] is called maximal 6-clongation with excess / that contains the origin. 

Remark 5.8 . Obviously the construction of maximal 6-elongation with excess / cannot be a local proce- 
dure. So to determine [0$, ot{], for example, implies to know that the intervals adjacent to [0$, a*] give risen 
to 6-elongation with excess / (not necessarily maximal) of sign opposite to the one associated to [aj, a\]. 

In [16] we determined the maximal b- elongation with excess / containing the origin and estimated the 
iP-probability of the occurrence of [aj^a;*] C [—Q/e,+Q/e] taking care of ambiguities mentioned above. 
Namely, applying 5.8, 5.9 and Corollary 5.2 of [16], choosing 6*, Q and e as in Subsection 2.5, b = 2T* , and 
see (5.30) in [16], / = 5/g(S*/j), we have proved 



IP[([a%,al] C [-Q/e,+Q/e]f] < 3e + fWw + Q 2 e^ + Qe ^/4h^<» 

, 5 \ 8(2 + a) 

< £ 32(2+a) ' 



(g(S*/ 7 )) 



(5.37) 



where C\ = Ci(f3,8) is an explicit constant, V(/3, 6) as in (2.36) and a > 0. Estimate (5.37) is obtained in 
[16] estimating the probability to have enough 6-elongation with excess / (not necessarily maximal) within 
[— Q/e, Q/e] to be sure that there exists a maximal one containing the origin. Here we have a slightly different 
point of view, we want to be able to construct all the maximal 6-elongations with excess / that are within 
[—Q/e, Q/e]. After a moment of reflection, one realizes that the simultaneous occurrence of the events that 
two 6-elongations with excess / not necessarily maximal with opposite sign on the right of [—Q/e, Q/e] 
and the same on its left should allow to construct all the maximal 6-elongations with excess / that are 
within [—Q/e, Q/e]. There is a simple device used constantly in [16], to estimate the iP-probability of the 
simultaneous occurrence of such events on [Q/e, (Q + L)/e] and on \—{Q + L)/e, —Q/e] for some L > 0. Let 
us call these events STjj{Q, f, b) and Cl^(Q, f,b). Since it is rather long to introduce this device and it will 
be used for other purposes, we postpone to the Subsection 5.5 the proof that choosing the parameter as in 
Subsection 2.5, taking L = cte\og{Q 2 g(l / '7)) , one gets 

IP[n- L ([Q,.f,b)nn+(Q,.f,b)] >l-2e^j (5.38) 

for some a > 0, see after (5.84). Let us call 

Vl([-Q, +Q],f, b, 0) = Sll([Q, f, b) n {[a* ,al] C [-Q/e, +Q/e]} n Sl+(Q, f, b) (5.39) 

where in the argument of Ol(-) is to recall that 3^(0) = 0. The space Q,l{[—Q, +Q], f, b, 0) depends on the 
variables x(a) for ea e [— Q — L,Q + L]. Collecting (5.37) and (5.38) one gets 

IP[n L ([-Q,+Q],f,b,0)] > l-3e^T. (5.40) 

On n L ([-Q,Q],f,b,0) we have 

"7 < <•(-«)+! < ■ ■ ■ < «o < < < . . . a;.^ < |. (5.41) 

where k*(±Q) are defined in (2.40). The construction done in [16], just described is a bilateral construction. 
We considered the process y(-), y(0) = 0, see (5.29) and we determined to the right and to the left of the 
origin the b— elongations with excess /. The Neveu-Pitman construction, recalled in Subsection 5.2 is a one 
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side construction. The determination of the points Si is achieved moving the origin of the BM to — ro, and 
then letting ro — > oo. To be able to compare what we just recalled with the Neveu-Pitman construction for 
the random walk we translate the origin to — ro = —ApQ, for some p £ IN, and called y ro the new random 
walk with y ro (ro) = 0. We want to construct in the interval [— Q/e, +Q/e] the maximal 6-elongations with 
excess / for the process (y ro (a),a € 2Z) considering as above, extra elongations on the left and on the right 
of [—Q/e, +Q/e\. In this way we are able to compare in the same probability space the construction done in 
[16] with the one by Neveu-Pitman specialized for the random walk y ra . 

Repeating step by step the construction of maximal ^-elongations with excess / given in [16], and recalling 
(5.39), on a subset Ql([—Q, +Q],f, b, r ) that depends only of the variables x( a ) f° r ea <= [ — Q~ L, Q+L] (and 
in particular does not depends of the variables xi a ) f° r ea <= [~ Q ~ L — r , —Q — L — 1]), we can construct 
all the maximal elongations that are within [— Q,+Q] for the process (y ro (a),a e 2Z). By translation 
invariance, using (5.40) we have 

IP[n L ([-Q,+Q},f,b,r )} =IP[n L ([-Q,+Q],f,b,0)] > l-3eOTT. (5.42) 

Similarly to (5.41) we have on £1 L ([— Q, +Q], /, b, r ) 

-7 <<*(-Q,r )M + l < ...<a5(r ) <0<a* 1 (r ) < . . . <. ( Q, ro )_i(r ) < j (5.43) 

where 

n*(-Q,r ) = sup(i > 1 : ea*(r ) < -Q) (5.44) 

and 

n*(Q,r ) = mf{i > K*(-Q,r ) : ea*(r ) > Q) (5.45) 

with the usual convention inf(0) = +00. 

Since the previous construction depends only on the increments of y{ot) and is exactly the one used to 
construct {a*,i : —Q < ea* < Q), we have 

(a?(r ),Vie^ : k*(-Q, r ) < i < k*(Q, r )) on Sl L ([-Q, +Q], f, b, r ) 

(5.46) 

= (a*,Vie% : k*(-Q)<i<k*(Q)) on il L ([—Q, Q],f, b, 0). 

Here X on VL X = Law Y on fi 2 means that the respective conditional distributions are the same. Note 
that we have ao(ro) < < ai(ro) and ctp < < a\. In particular (5.46) implies that a*(ro) on 
Ql([—Q, +Q],f, b, ro) and a\ on Q, Q],f, b, 0) have the same law. 

5.4. Relation between h extrema and maximal b elongation with excess / 

Recalling (5.1), we have 

y(a) = ^c((3,6,-f/S*)W £ (ae), Va e 7Z. (5.47) 

Furthermore taking into account that (<Tj(ro),i > 1) are the times of /i-extrema for the random walk V* 
starting a — r = — 4pQ, see the end of Subsection 5.2, and the properties (4. A) and (4.B) satisfied by 
(£»( r o)i* ^ 1) one recognizes immediately that the intervals [<Xj(ro), <Ti+i(r )) for i > l,i S IN give rise to 
maximal b — hy/c(/3,9,j/S*) elongations with excess / = 0, for any b > 0. Let us define 

«(-<9, r ) = sup (i > 1 : £CT,(r ) < -Q) . (5.48) 

We impose i > 1 in (5.48) so that ct£(_q jT . ) (r ) is a time of a ft-extremum. Recall that <Jo(ro) may not be a 
point of /i-extrema. Furthermore we define 

i>(r ) = inf (i > k(-Q, ro) : e(T 4 (r ) > 0) (5.49) 
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and 

k(Q, r ) = inf (i > i>(r ) : e<7;(r ) > Q) ■ (5.50) 

Note that on {k(Q,r ) < oo}, there are k(Q,r ) — k(—Q,r ) + 1 points of /i-extremum within [— Q,+Q]. 
So let 

Q (Q, r ) = {uj £ 0, k(-<9, r ) < i/(r ) < k(Q, r ) < oo, r ) - r ) > 1} (5.51) 

be the set of realizations such that there exists at least one interval [e&i(ro), e<7,_|_i(ro)] C [— Q, Q], for some 
i £ 2Z with (Ti(ro) and <7j+i(ro) that are /i-extrema of V^f (•). On flo(Q, ro) we have 

< Oft(_Q, ro ) + i(r ) < ... < 

^(ro) — 1 (ro) < < (ro) < ... < (r ) < ^. (5.52) 

Note that £lo(Q,ro) D f2i,([— /, ro). Namely, see Remark 5.7, if [ea* (/, ro), ea* +1 (f, ro)) gives rise 
to a maximal 6-elongation with excess /, then it gives rise to a maximal 6-elongation with excess / = 0. 
Therefore ea*(f, ro) and ea* +1 (f, ro) are points of h = b/ c(/3, 9, <5*/7) extrema. Of course, it could exist a 
pair of points of /i-extrema, h = b/y/c((3, 9, S*/j), e<7j(ro), ea i+ i(r ) for k(—Q,r ) < i < k(Q,r a ) such that 
[ea-j(ro), e<7j + i (r )) gives rise to a maximal 6-elongation with excess / = without giving rise to a maximal b- 
elongation with excess / > 0. That is, a priori on CIq(Q, r ) nf^Q— Q, 6, /, r ) = £Jl([— Q, +Q],b, /, ro), 
we have k(Q,r ) - k(-Q,r ) > n*(Q,r ) - K*(-Q,r ). 

Lemma 5.9 Set b = 2T* , h = 2:F , all the remaining parameters as in Subsection 2.5, L = 

y/c(P,e,6'/-y) 

cte\og{Q 2 g{ s - )) and f = -Jj*- y Set 

Sl(f, r ) = Q L ([-Q, +Q},b, /, r ) n {k(Q, r ) - k(-Q, r ) > k* (Q, r ) - k*(-Q, r )} . (5.53) 

We have 

iP[Q(/,r )] < 3e~^=T + e "W") + Q 2 e^fc + Q e ~^*VHpJ) < e 32<#+^I. (5.54) 

where C\ = C\((3,6) is an explicit constant, V((3,6) as in (2.36) and a > 0. 
Proof: Denote 

<>< « ^ - . . ., • < ^ - ■ « 



2' ={w : -— < <7£(_ Qiro ) + i(r ) < . . . < CT e ( ro )_i(ro) < < <7„ (ro) (r ) < . . . < <7«(Q, ro )_i(r ) < 
Eli, k(—Q,r ) + 1 <i < k(Q,r ) — 2 such that [<7j(ro), er i+1 (r )) does nc 
Definition 5.5 but does satisfy (5.24) and (5.25) or (5.26) and (5.27) j 



(5.55) 

Note that 

fi(/, r ) C n' n fiifl-Q, +Q], /, 6, ro). (5.56) 

To estimate the iP-probability of the event in the right hand side of (5.56), let i, k(—Q,ro) + 1 < i < 
k(Q,r ) — 2 be such that [o"i(ro), <Ji+i(r )] docs not satisfy (1) and (2) of Definition 5.5 but does satisfy 
(5.24) and (5.25) or (5.26) and (5.27). 

It is enough to consider the case where [ &i (r ), <7j+i (r )] does not satisfy (1) of Definition 5.5 but does 
satisfy (5.24) and (5.25). There are two cases: 
• first case 

-b-f<y(d- i+1 (r ))-y(6-i(r ))<-b, y(y)-y(x)<b-f \/x,y: x<y£[6-i(r ),6- i+1 (ro)] (5.57) 
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y(a i+1 {r )) < y(a) < y{&i{r )) Va : <7;(r ) <a< a i+1 (r ) 



(5.58) 



second case 



y{a i+1 (r )) -y(Mro)) <-b-f, 3x Q ,y a , x Q < y Q e [&i(ro),a i+1 (r )] : b > y(y Q )-y(x ) >b-f, (5.59) 
y(a i+1 (r )) < y(a) < *i(r ) < a < a i+1 (r ). (5.60) 



Let us denote 



y*(a,ai 1 a 2 )— max } \{ a ) 



(5.61) 



and 



y*(a,ai,a 2 ) = min x(a) 

ai<a<Q2 z — ' 



(5.62) 



where ea = — Q. To estimate both the cases we follow an argument already used in the proof of Theorem 
5.1 in [16]. Take p' = (9f) 1 ^ 2+a \ for some a > 0. Divide the interval [-Q, Q] into blocks of length p' and 
consider the event 

T>(Q, p', e) = {31, £', -Q/p' < I < I' < (Q - l)/p'; \y*(a, ^, £^±il) - y*(a, tf, £^±H) - b\ < 9/}. 

Simple observations show that those u> that belong to {max Q , e [_Q/ e q/^ \x{ a )\ < /} and are such that there 
exists i, k(—Q,r ) + 1 < i < fc(Q,r ) — 2 such that (5.57) and (5.58) hold, belong also to V(Q,p',e). 

For the second case, we can assume that xq is a local minimum and yo a local maximum, therefore those ui 
that belong to {max ae [_Q/ e q/^ |x(oOI < /} and are such that there exists i, k{— Q,ro) + l < i < k(Q,ro) — 2 
such that (5.59) and (5.60) hold, belong also to T>(Q,p',e). Therefore we obtain that 

°' n < max | X ( a )|</}c P(Q, //,£). 

ae[-Q/e,Q/e] 

The estimate of IP T>(Q, p', e) n Q, +Q], f, b, r ) is done in [16] where the same set T>(Q,p',e), see 

pag 834 there, was considered. It is based on Lemma 5.11 and Lemma 5.12 of [16]. Here we recall the final 
estimate 



IP 



t>(Q,p',e)nn L ([-Q,+Q],f,b,r ) 
2v/2^ 



< 



8(2(Q + L) + iy 



+ 



V{M) 



(9/) 



o/(2+o) 



+ (2(Q + £) + !) 



1296 9f+{2 + V(J3,e))yfitoz 



V{M) 



(9J)3/(4+2a) 



(5.63) 



Furthermore by Chebyshev inequality we obtain that 

IE [{max ae[ _Q /t;Q/e 



IP 



ae[-Q/e,Q/e] 



< 



•52 



For the last inequality, see formula 5.38 in [16]. Choosing the parameters as in Subsection 2.5 we obtain the 
thesis. ■ 



On £l L ([-Q, +Q],f, b, r ) = Q. L {[-Q, +Q],f, b, r )\f2(/, r ), (5.43) and (5.52) hold: a point is a beginning 
or an ending of an interval of maximal 6-elongations with excess / if and only if it is a point of ft,-extremum. 
Relabel the variables <7i(r ) in (5.52) as in Neveu and Pitman, that is define 

Si{r ) = CT„( ro ) +i _i(ro), Vi e 2Z, : k(-Q,r ) < v{r ) +i - 1 < k(Q,r ). (5.64) 

Therefore, on Ql([—Q, +Q],f, b, r ), we have 

Si(r ) = a*(r ), Vz e 7Z : -9. < 5,(r ) < ^. (5.65) 

Lemma 5.10 Take 

Of* 

b = 2T\ 1 



v(p,ey 

all the remaining parameter as in Subsection 2.5, L = ctelog(Q 2 g(^-)) and f = g ^t^ ■ 

LetCt L ([-Q,Q],f,b,0) be the probability space defined m (5.39) with IP[Q. L {[-Q,Q], f,b,0)] > l~3e^+zj 
for some a > 0. Let 

-— < a«.(-Q)+i < .... < a_i < a < < a x < ... < a K , (Q) _i < — 

be the maximal b-elongations with excess f, see (5.41), and {Si,i <E Z5} the point process of h-extrema of 
the BBM defined in Neveu-Pitman [32]. We have 

lim e( 7 ) a *(e(7),/(7))= W ^ *^ (5-66) 

7^0 



Proof: This is an immediate consequence of (5.46), Lemma 5.9, (5.65), (3.54) and the continuous mapping 
theorem. ■ 



Proof of Theorem 2.5 The (2.47) is proved in Lemma 5.10. The properties of Si are recalled in Subsection 
5.2 and (2.48) is proved in [32]. To derive (2.50) let X = S2 — Si be the interarrival times of the renewal 
process {Si,i € 2Z}. Then using 



Jo 



\e- Xz K< :r>7 xdz = l-e- x \ 



l {x>z} 

JO 

one gets 

. ^[1 - ffi[ e-«]] - ^[1 - —L^] f„ r A > 0. 

The distribution (2.51) has been obtained in [26], applying the Mittag-Leffler representation for (coshz)^ 1 . 
Since IP [Si > z] = IP[X > x]dx, one obtains differentiating (2.51) the distribution in (2.49). ■ 

Proof of Corollary 2.6 Since we already proved the convergence of finite dimensional distributions see 
(2.47), to get (2.52) it is enough to prove that for any subsequence {u*, < 7 < 70} € BV\ oc (IR, {mp, Tmp}), 
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with 7 4 0, one can extract a subsequence {u* n ,0 < 7„ < 70} that convergences in Law. In fact, since 
BV\ oc (IR 1 {mp, Tmp}) is endowed with the topology induced by the metric d(-,-) defined in (5.4), this 
implies that the points of jumps of {u* n ,0 < 7„ < 70} will converge in Law to some points that by (2.47) 
are necessarily the (Si, i <G 2Z), this will imply (2.52). 

So let 7 I be any subsequence that goes to 0. We will prove that for any chosen ei, it is possible to 
extract a subsequence j n J, and to construct a probability subset K. e C O with 

iP[/C ei ] > 1 - ei (5.67) 

so that on JC ei , the subsequence {u* n , < 7„ < 70} is a compact subset of BV\ oc (IR, {m^Tm^}). 

To construct JC €l and the subsequence 7„, we use the following probability estimates. Let b = 2T* and 
n L {[-Q,+Q],f,b,0) the probability subspace defined in (5.39), IP[n L ([-Q, +Q], f, b, 0)] > l-3e^+^, see 
(5.40). On Ct L ([-Q,+Q},f,b,0) u*(-) jumps at the points {ea*, n*(-Q) + 1 < i < k*(Q)-1}. It was proved 
in Proposition 5.3 of [16] that for i e 2Z and for < x < [T*) 2 / [V 2 {[3, 6)18 log 2) 

IP[ea* i+1 - ea* < x] < 2e ^vWJ) . (5.68) 



By Lemma 5.14, on the probability subspace Cl UI t, with P[O urt ] > 1 — ( g (g«/ 7 ) ) 8(2+a) for some a > 0, the 

/7)] • 1 

^q(z,7) = € O urt ;Vi : ea* e ea* +1 - ea* > x} 



number of jumps within [-Q, +Q] is smaller than 4 + Q log [Q 2 g(S* /j)] . Therefore, calling 



one has 

r2 



r / qt/2 \ t^"*) 2 

IP[n Q (x,i)] > 1 - 4(-^-^)^r _ (^4+ ^=^Qlog [Q 2 g{5*h)]j 2e-™*w.°K (5.69) 
For any subsequence 7 J. 0, one can pick up a subsequence {j n } such that 



5 \ 32(2+a) 



n >iVff(«*(7n)/7n), 

and recalling that Q = Q(7) | 00 when 7 J. 0, one can take x — x(-f n ) > such that 

(SV 2 \ <^*) 2 

4 +7^y2Q(7n) 1 °g[Q 2 (7n).9(^(7n)/7n)]j2 e - 1 -(-)v- 2 (^ S ) <0 0. (5.71) 

Now using (5.69), (5.70) and (5.71), given ei > 0, one can choose n = no(ei) such that 

IP[f] n Q(7n) (a:(7 n ),7 n )]>l-ei. (5.72) 

n>n 

Denote /C £l = f| n >„ ^Q^O^n), 7«) and we have proven (5.67). 

Let uj <G /C e and {u*^ = u* n (w),n > n } the above constructed subsequence. Sufficient and necessary 
conditions for the compactness of {u* n ,n > no} is to exhibit for all e say, e < 1/2 and for some numerical 
constant c a finite ce-net for {u* ,n > n (e)}, see [7] pg. 217. One can also assume that n = n (e,e) is 
such that 

e Q{ -'"o > < i (5.73) 
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Set y 2 = y 2 n — ^jqr|y, let fcg e ZZ and fc_g e ^ so that fcgy 2 < Q < {Uq + l)y 2 and respectively 
k-qy 2 < -Q < (fc-g + l)y 2 . Denote B(y 2 1 Q) C BV\ oc the finite subset 



u e BVioc : u constant on [ky 2 , (fc + l)y 2 ), fc e [fc-Q, /cq] n ZZ, 
Vr > Q, u (r) = u (k Q ); Vr < -Q, u (r) = u (k- Q ) 



Let w e JC e and fc* = fc*(u>,7„) e -ZJ such that fc*y 2 < e(7 n )a*(w,7„) < (fc* + l)j/ 2 , for all i such that 
£Q!*_i € [— <5,+<5]. Let uo G B(y 2 , Q) such that uo(k*y 2 ) — u*^(ea*). It remains to check that d(u* ln , ito) < ce 
for some numerical constant c, where d(-, •) is defined in (5.4). Let us define the following A 7ri (.) € Ajjp by 
\ ln {k*y 2 ) = ea* and linear between fc*y 2 and (fc* + l)y 2 for r > Q take A 7n (r) = A 7n (Q) +t — Q and for 
r < — Q take A 7?l (r) = A 7n (— Q) + t + Q. For all i such that ec**^ e [-Q, +Q], one has 

|A 7 „(fc*y 2 ) - A 7n - (fc* - kU)y 2 \ = \ea* e+1 - ea* - (fc* - kU)y 2 \ < 2y 2 . (5.74) 

On the other hand on K. e one has ea* — ea*_ 1 > x(j n ) and therefore (fc* — k*_ x )y 2 > x(-f n ) — 2y 2 . Using 
2y 2 < e(.-r(7„) - 2y 2 ) and (5.74), one gets 

|A 7 „(fc*y 2 ) - A 7 „(fc*_ 1 ) - (fc* - kU)y 2 \ < 2y 2 < ~e{x{ ln ) - 2y 2 ) < ~e(k*y 2 - k*_ lV 2 ). (5.75) 

Since A is piecewise linear one has also, for s < t e [fc*_i2/ 2 , fc*y 2 ) 

|A 7n (f) - A 7n (s) -(t-s)\<e(t- s). (5.76) 

Since A 7rl has a slope 1 outside [-Q, +Q], one gets for all s < t e M 

l0g(l - e) < lOg A 7n(*)~ A 7n(s) < lQg(l + g) _ (5 7?) 

t — s 

Therefore, recalling (5.2), (5.77) entails ||A 7 J| < 4| and using (5.73) to control Jq e~ T dT in (5.4) , one 
gets after an easy computation d(u* n , u ) < 3e. ■ 

5.5. Probability estimates 

We recall the already mentioned device constantly used in [16]. Lemma 5.13, stated below, gives lower 
and upper bound on the a*, i e ZZ, in term of suitable stopping times. We set T = 0, and define, for fc > 1: 

t 

f fc = inf{t>f fc _i:| ]T X(a)\>f* + J -}, 

a=f k _ 1 +l 

(5.78) 

T -(fc-l) r 

f_ k = sup{t<f_ {k _ iy .\ Y, x(a)\>T* + t}. 

a=t+l 

Clearly, the random variables AT^+i := 7fe+i — T k , k e ZZ, are independent and identically distributed. 
(Note that, by definition, ATi = f x .) 

Remark: Note that (Ti,i <G ZZ) was called (ri,i G ZZ) in [16], we change their names to avoid ambiguities 
with the r defined in (5.11) and the ones defined after (5.12). 
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We define, 



Sk =sgn( ^2 XO')); S- fc = sgn( ^ x(.?')) for k > 1. 



(5.79) 



The following lemma estimates the probability to detect at least one b = 2T* elongation, with excess /, not 
necessarily maximal. The proof is done in [16], Lemma 5.9 there. 

Lemma 5.11 There exists an e such that for all < e < eo, all integer k > 1, and all s > we have 



IP 



f k < k -^^l ;3ie {1,..., k- !},§< = S i+1 



>(l-e- sfe ) (1-2S=T)- 



(5.80) 



for some C x = Ci(/?,6>). 

To detect elongations with alternating sign, wc introduce on the right of the origin 



iI = inf{i>l:S i = S i+ i} 

= inf [i > (i* +2):Si = S i+1 = -St* } j > 1, 



(5.81) 



and on the left 



if 5_i = S 1 ! 



Si- 



sup |i < -2 : 5j = Si+i = -Si* j if S_i 7^ Si or Si = -5^ , 



i'j-i = sup {i<i* -2: Si = S i+1 = -Si* } 



3 > 1- 



(5.82) 



The corresponding estimates are given by the following Lemma which was proved in [16], see Lemma 5.9 
there. 

Lemma 5.12 There exists an e such that for all < e < e , all k and L positive integers, L even, (just 
for simplicity of writing) and all s > we have: 



IP 



. (fcL -!)(* + log 2)d . 

JfcL-1 < , Vl<j<fe < 



^(l-e-^- 1 )) (1-^) (l-(|) i/2 ) 



fc-i 



and 



iP 



. -A:L(s + log2)Ci ~ (L-l)(.s + log2)C 1 

J-fcL > , J-L-l < , H < L , Vl<j<k l-i > ~J L 

c c — J 



(5.83) 



(5.84) 



>{l-e-^)(l-^r) (l-(lH fe . 
where C\ — Ci([3,6) is a constant. 

Applying Lemma 5.12 with L = cte log(Q 2 g(^ r )), taking the parameters as in Subsection 2.5, one gets (5.38) 
by a short computation. The basic fact that was used constantly in [16] even if it was not formulated in its 
whole generality is the following. 
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Lemma 5.13 On Ql([—Q,+Q], f,b,0), see (5.39), we have 

fi<a* +1 ,Vi:l<i<K*(Q) 



(5.85) 



and 

a* < f;. +i , Vi : 1 < i < k*(Q), (5.86) 

where k* (Q) is defined in (2.40). 

Proof: Recall that on Ol([— Q, +Q], f, b, 0) we have assumed that < < a\. To prove (5.85) we start 
proving that T\ < a^. Suppose that a* 2 <T\. Then, from (5.78), since a\ < < T\ we have 

\y(a*)\<r* + L and \y(a* 2 )\ < T* + S - (5.87) 

which is a contradiction since by assumption [eo^eo^] is a maximal 2T* elongation with excess /, see 
Definition 5.5. Similar arguments apply for i > 2. Now we prove (5.86). Assume that [ckq, a*] gives rise to a 
positive elongation. The case of a negative elongation is similar. Let us check that a\ < Tj* . By definition 
of we have that [Tij_i,7i*+i] is within an elongation with a sign, say Si* and [Tj*_i, Tj* + i] is within 
an elongation with opposite sign, Sq = —Si*. Therefore, either Si* or Sq is negative, which implies that 
Oil ^ ^2 ■ ^ ne S enera l case is clearly the same. ■ 

Given an integer R > 0, we denote as in (2.40) n*(R) = mf{i > 1 : ea* > R}. We define the stopping 
time k(R) = inf{« > : ef t > R}. By definition 

zT~k {R )-i <R< eTfc(fl) (5-88) 

Using (5.85), we get that 

R < ef HR) < ea\ {R)+1 (5.89) 

therefore 

K*{R)<k{R) + l. (5.90) 



Lemma 5.14 There exists Cl urt , IP[Cl ur t] > 1 — ( g (<5*/ 7 ) ) 8<2+a) > w here a > 0, so that for all R > 1 

4V 2 

k*(R) < 1 + k(R) < 2 + jjJyRlog [R 2 g(5*h)] (5-91) 

and 



ea: '^ * (^Ig(I/l) R N(* 2 ^77))] 2 > ( 5 - 92 ) 

where V+ = V(f3, 0) 1 + (7/^)5 and C x = Ci(/3, 6) is a positive constant . 

Remark: It is well known that, almost surely, lim^joo k(R)/R = (lE^Ti]) -1 , see [5] Proposition 4.1.4. The 
estimate (5.91) allows us to have an upper bound valid uniformly with respect to R > 1 with an explicit 
bound on the probability. This is the main reason to have a \og[R 2 g(d* /j)] in the right hand side of (5.91). 

Proof: We can assume that we are on Oj,([— Q, +Q], f, b, 0). Suppose first that k(R) > 1. Since (5.88), we 
get 

f***- 1 < - R < " T ~ k{R) . (5.93) 
k(R) - 1 k(R) - 1 " k(R) - 1 
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Applying Lemma 5.7 of [16], setting b = T* + (//2) and V+ = V(0, 9) \l + (j/S*)i 
s with < s < (T* + (//2)) 2 [4(log2)V^]-i j for all positive integer n 



IP 



eT„ < ns 



< e 



we obtain that for all 



(5.94) 



Therefore 



IP 



3n>l: £ J}l< s 
n 



< 



(5.95) 



1 -e 



Applying (5.93), we get that for k(R) > 1 



IP 



k{R) < 1 + 



R 



> 



1 - 2e 



(5.96) 



1 -e 



When k(R) = or k(R) = 1, (5.96) is certainly true, therefore (5.96) holds for all k(R) > 0. Choosing in 
(5.96) 



we get 



IP 



Vi?> 1, k(R) < 1 + — 
so 



> 



WTiW 



> 1 - 



Recalling (5.90), for all i? > 1, 



K>1 ff(<5 



4T/2 



(5.97) 



(5.98) 



k*{R) < 1 + k(R) < 2 + [\ogR 2 g(5*h)} 

which is (5.91). Next we prove (5.92). Applying (5.86) and (5.90) we have 

eal (L)+1 < ef %L)+2 . 

Using (5.83) with 

L = L ° = 1 + 6 i — 777T\ 

log(4/3) 



(5.99) 



(5.100) 



k = k = 2 + 



0^)2 



(5.101) 



R\og[R 2 g(S*/j)}. 



After an easy computation, given R > 1 with a iP-probability greater than 1 — c((3, 6) '"(gf/^) 3/2^2 we have 



eT ( , 



-(2+k )L _ (jr *)2 log (4 /3 ) 

Therefore, with a TP-probability greater than 



< 24ClF+ l0g . 2 . R [log(R 2 g(S*/ 1 ))] 2 , Vj : 1 < j < k , i* < jL . 



g(5* liY' 2 ~ g(S*h) 
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(5.102) 



(5.103) 



for all R>1, (5.102) holds. Using (5.99) we have, for all R>1, 



W 2 

1 + k*(R) < k(R) + 2 < 3 + j^yR [log R 2 g(5*/l)] • (5-104) 



Therefore collecting (5.102) and (5.104) we obtain that for all R > 1 



k(R)+2 



<(2 + k )L . (5.105) 



From which using again (5.102) and recalling (5.100), we get that for all R > 1 

ea l*(K) + l < eT % R)+2 ^ eT (2+feo)L-0 



(5.106) 



which is (5.92). Denote by fl urt the intersection of Q, +Q], f, b, 0) with the probability subsets in 

(5.98) and (5.103). Recalling (5.38) and the choice of e, see (2.65), we get the Lemma. ■ 



Proof of Theorem 2.3: 

We need to estimate the Gibbs probability of the set Vg ^ + q^(u*(ui)), see (2.37). According to the 
definition (2.33) we need to prove that on Oi the minimal distance between two points of jump of u* is 
larger than 8p + 85. Define 

= {uj E tt ur t : Vi, -Q < ea* < Q; ea* +1 - ea* >8p+ 86} . (5.107) 

where Cl urt is the probability subspace that occurs in Lemma 5.14. On fl ur t, see Lemma 5.14, the total 
number of jumps of u* within [— Q,+Q] is bounded by 2K(Q) + 1 with K(Q) given in (2.35). Since the 
points of jumps of u* are the ea*,i £ 2Z, from Proposition 5.3 in [16] we have that for all i e 2Z, for all 
< x < (r*) 2 /(V 2 (l3,6)18\og2) 



IP[ea* i+1 - ea* < x] < 2e iSZvWJ) . (5.108) 
Then one gets 



Recalling (2.64), (2.67) and (2.63) one gets 



IP [fii.i] > 1 - ( ) 8<2+a) - 2K(Q)e i8(3 P +w)U(/3, e) . (5.109) 



/ 5 \ 10(2+a) 

PM ^-iwW ■ (5 ' 110) 

Denote by 

Hi = Slr,K(Q) n fii.i (5.111) 

where £7 7j ^(q) is the probability subspace in Theorem 2.2 of [16] and K{Q) is given in (2.35). From the 
results stated in Theorem 2.1, 2.2 and 2.4 of [16] we obtain (2.34) and (2.37). 
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6 Proof of Theorem 2.4 and 2.9 



6.1. Proof of Theorem 2.4 

Let {W(r),r £ M} be a realization of the Bilateral Brownian motion. Let u*(r) = u*(r, W), r £ M, be 
the function defined in (2.43) and (2.44). As consequence that V a.s the number of renewals in any finite 
interval is finite, we have that V a.s u* £ BV\ oc . To prove the theorem we need to show that for v € BV\ OCl V 
a.s. T(v\u* , W) > 0, the equality holding only when v = u* . Let So be a point of h— minimum, h = y^g^y- 
This, by definition, implies that in the interval [So, Si) 

W{S 1 )-W{S )> 1 £jj ) , W {y)-W{x)>- 1 £jj y Vx<y£[S ,S 1 ) (6.1) 

W(S ) < W(x) < W(5i) S <x<S!. (6.2) 

Suppose first that v differs from u*(W) only in intervals contained in [So, Si). Since u*(r) = mp, for 
r e [S , Si), sec (2.43), set v(r) = Tm^l[ riir2 ) for [ri,r 2 ) C [So, Si) and v(r) = u*(r) for r £ [ri,r 2 ). When 
the interval [ri,r 2 ) is strictly contained in [So, Si) the function v has two jumps more than u* . Then the 
value of T(v\u*, W), see (2.42), is 

r(v\u*, w) = r [So , Sl ){v\u;w) = 2T* + v{p, e)[w(r 2 ) - w( ri )] > o, (6.3) 

which is strictly positive using the second property in (6.1). When [n, r 2 ) = [So, Si) then the function v has 
two jumps less than u*. Namely u* jumps in So and in Si and u docs not. The value of T(v\u* , W) in such 
case is 



T(v\u*,W) - T [So!Sl) (v\u*,W) + T [Sl , S2) (v\u*,W) = -2T* + V(f3, e)[W(S 1 ) - W(S )} > 0. (6.4) 

The last inequality holds since the first property in (6.1). In the case in which [ri,r 2 ) C [So, Si), n = So, 
r 2 < Si then the function v has the same number of jumps as u* . The value of T(v\u* , W) is 

T(v\u*, W) = r [SoiSl) (v\u*,W) = V((3,6)[W(r 2 ) - W(S )} > (6.5) 

which is still positive because of (6.2). When [ri,r 2 ) C [So, Si), n > So, r 2 = Si then, as in the previous 
case, the function v has the same number of jumps as u* and again by (6.2), 

T(v\u*, W) = r [S(uSl) (v\u*,W) + T [SuS2) (v\u*,W) = Vifi, 6)[W{S!) - Win)} > 0. (6.6) 

The case when v differs from u* , still only in [So, Si), but in more than one interval can be reduced to the 
previous cases. For simplicity, suppose that v(r) = Tm / al[ ri;T . 2 ) U [ r3;T . 4 ) for [ri,r 2 ) and [r^,ri) both subsets of 
[So, Si) and v(r) = u*(r) for r ^ [n, r 2 ) U [r 3 , r^). We have that 

T(v\u*,W) = r(v 1 \u*,W)+T(v 2 \u*,W) (6.7) 

where v\(r) — TmpH[ ri ^ 2 - ) + M*I[ ri!r2 )c and v 2 (r) = Tmp II [ r3 ,r 4 ) + u *I[r3.r 4 ) c - Equality (6.7) is an obvious 
consequence of the linearity of the integral and the observation that T(u*\u* , W) = 0. Each term in (6.7) 
can then be treated as in the previous cases. By assumption v £ BV\ oc and then the number of intervals in 
[Si, Sj+i) where v might differ from u* is V a.s finite. The conclusion is therefore that if v ^ u* in [So, Si) 

T(v\u*,W) > 0. (6.8) 
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When v differs from u* in [Si, S 2 ) and Si is an h— maximum one repeats the previous arguments recalling 
that by definition in [Si, S2) 

W(S 2 ) - W(Si) < -h W{y) - W(x) <h Vx < y e [Si,S 2 ) (6.9) 

W(S 2 ) < W{x) < W(Si) Si<x<S 2 (6.10) 

and u*(r) — Trap, for re [Si, S 2 ), see (2.44). Then repeating step by step the previous scheme one concludes 
that V a.s. 

T(v\u*,W) > 0. 

In the general case 

T(v\u*,W) = ]T r [Si>St+l) (v\u*,W) > 0. (6.11) 

To prove that u* is IP a.s. the unique minimizer of T(-\u* ,W) it is enough to show that each term among 
(6.4), (6.5) and (6.6) is strictly positive, so that we get a strict inequality in (6.11). Since, see [34], page 108, 
exercise (3.26), 

V[3r g [S , Si] : [W{r) - W(Si)\ = 0] = 0, 
we obtain that (6.6), (6.4) and by a simple argument (6.5) are strictly positive. ■ 

6.2. Proof of Theorem 2.9 The proof of (2.57) is an immediate consequence of Proposition 4.2 and 
Theorem 2.5. ■ 
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